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MECHANICS OF COMPOSITE MATERIALS

1. RESEARCH OBJECTIVES

R e s e a r c h  under  the subject  Contrac t  r ep resen t s  a cont inuing e f fo r t 3

to cons t ruc t  viable nonl inear  micro-me chanical continuum models to pre-

dic t the the rmornechan ical  response  of advanced composite materials .  The

the rmomech an i ca l p r o c e s s e s  und er s tu d y include:

Linear  and nonl inear  wave propagat ion

• Linear  and nonl inear  d i f f u s i o n  ( the rmal  and h ygrothe rmal)

• Mechan i sms  and accum ulation of damage.

The the r rnornechan ica l  measu res  include:

• Global s t r e s s , defor mation , tempe ra tu re , in t e rna l  ene rgy  fields

Local s t r e sE , d e f o r m a t i o n, t empera tu re , i n t e rnal  e n e r g y  f ie lda

R e s i d u a l p r o p e r t i e s  of damaged composites.

2. RESEARCH PROGRESS

2. 1 D i s c u s s i o n

E x c e l l e n t  p r o g r e s s  has been made to date in mode l ing  both laminated

and f ibro us compos i te s as homogeneous continua with  i n ic r o st r u c t u r e .  The

resu l t i ng  theory  is gene ra ll y r e f e r r e d  to as a “ T h e o r y  of In te rac t ing  Con t inua ’

or a ‘Mix tu re  T h e o r y  wi th  M i c r o s t r u ct u r e ”. In cont ras t  to c lass ica l theor ie s

2 P r e v i o us  work  was conducted  unde r AF-AFOSR Grant  70-1975 and AF-AFOSR
C o n t r a c t  75-2870.
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-.‘. i t h  s imi l a r t i t les , t he govern ing  equat ions  are  comp letel y spec i f ied  by a

:-~~o~vIed ge o f the in i t i a l  n i i c r o s t r u c t u r al  geomet ry  of the composite , the

componen t c o n s t it u t i v e  re la t ions , and the component in te r face  ph ys ics .

in f u r t h e r con t r a s t  to c l a s s i ca l  t heo r i e s , the c u r r e n t  model p r o v ides infor-

ma t i o n on s t r e s s , dis p lacement , st r a i n , tempera ture , and internal  ene rgy

f i e l d s  wi t h in  the m i c r o c omp o n e n t s  as well as global m e a s ur es of th ese

c u ant i t i e s .  The p r e s e n t  t h e o r y  also accounts  for  debond ing at the micro-

c-~n~p onent  i n t e r f a c e s  - a bas ic  dam age mode . Models  i n c o r p o r a t i ng  c rack

d : st r i b u t i o ns  t h r o u g h o u t  the c o n s t i t u e n t s  a re  under  s tudy.

The m o s t  gene ral  ma thema t i ca l  model cons idered  to date is a non-

~~n . ’a r , a n i s o t r o p ic , th e  rrnomechan ical  m i x t u r e  t h e o r y  wi th  m i c r o s t r u c t u r e .

P a r t i c u l a r , s impl i f i e d  f o r m s  of t h i s  mode l  h a v e  been deve loped  to cove r

s p e c i a l  cases  of c o m p o s i t e  g e o m e t r y ,  m a t e r i a l  c o n s t i t u t i v e  r e l a t i ons , and

~~~vs ical  p r o c e s s e s  or  p r o bl e m s .  In all cases , h o w e v e r , t h e o r e t i c a l

C o n s t r u c t i o n  is based  upon one of two bas i c  methods  w h i c h  a re  in tu rn

b a s e d  upon an a s y m p t o t i c  scheme in which  dominant  si gnal  waveleng ths

a s s o c i a t e d wi th  the  p h ys i cal  p r o c e s s  a r e  assumed to be l a rge  in compar i son

C i t H  typ ical composi te  rn i c r o d i m e ns ions. An exp lanat ion  of the fo r ego in g

c o ’ st r u c t ion me thods , as well as a number of i n t e r e s t i ng  examples , can

~e found  in A p p e n d i x  I f .

The compos i t e s  s tud ied  us ing  the above asympto t i c  t echn i que range

: r i r c c e l e m e n t a r y  l amina t ed  to comp lex t h r e e - d i m e n s i o n a l  advanced

2
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com posites .  In addi t ion  to ce r t a in  model  composi tes , ma ter ia l s h ave

incl uded quar tz pheno lic , carbon pheno l ic , ca rbon ca rbon , and grap hite

epox y. R e p r e s e n t a t i v e  problem a reas  inc lude  nose ti ps , h ea t  sh ie lds ,

eng ine blade s , nozz les , and h y g r o t h e rm a l  envi ronments .

Cases comple ted and in publ icat ion thus far  include:

A general  th e o r y  for  wave p ro pagat ion in l inear elast ic and

l i n e a r - v i s c o e l a s t i c  l amina ted  composi tes  wi th  i so t ropic laminae ;

A gene ral  t h e o ry  for  l i n e a r  the rmal  d i f f u s i o n  in  laminated

composi tes  wi th  i s o t r o p ic lamiriae;

A f i r s t  o r d e r ’ t h e o r y  for  l i nea r  wave p ropaga t i on  in an i so t ropic

l amina tes wi th  obl i que layup;

• “ F i r s t  o r d e r  theories  for  w av e  propagat ion, d i ffu s i o n , and

debonding in u n i d i r e c t i o n a l  f i b r o u s  compos i t e s  with cy l in d r i c a l  f i b e r s  of

a r b i t r a r y  c ro s s  sec t ion;

• ‘ F i r s t  o r d e r ’ n o n l i n e a r , a n i s o t r o p ic and i so t rop ic , thermo-

dynamic  t h e o r i e s  for  wave  p r op a g a t io n , d i f f u s i o n , and damage  accumulat ion

due to debonding  in both l amina t ed  and f i b r o u s  compos i tes  of s p e c i f i c  types .

In the g e n e r a l  l i nea r  cases above , a h i e r a r c h y of models is system-

a t ica l l y de f ined b y the o r d e r  of the t r u n c a t i o n  of the asymptot ic  sequence

invo lved  in the t h e o r e t i c a l  c o n s t r u c t i o n  p roces s .  R e t e n t i o n  of all t e rms

in this  sequence  l eads  to a f o r m a l l y exac t  theory .  R et e n t i o n  of onl y the

z e r o t h- o r d r p lus f i r s t .  o r d e r  t e r m s  r e su l t s  in a so—cal l ed  ‘ ‘ f i r s t  o rde r

3 
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theor y which can be cast in the fo rm of a mixture  theory .  The latte r

usual l y cons t i tu tes  an adeq uate rn ic romechanica l  model of a composi te

for eng i n e e r i n g purposes .  All  nonl inear  models a re  “ f i r s t  o rde r ” theor ies .

The f i r s t  o rde r  models  for laminates  and f i b r o u s  composi tes

incorpora te the e f f ec t s  of a r b i t r a r y  f ibe r  geomet ry ,  a n i s o t r o py, and in te r-

face  debonding.  In addi t ion  to d i f f u s i o n , a thermod ynamic  t h e o r y  of e las t ic-

p l a s t i c  wave p ropaga t ion  unde r f i n i t e  defo rma t ion  has been developed.  The —

c o n s t i t u t i v e s laws of the m i c r o c orn p o n e n t s  c u r r e n t l y in pub l i ca t ion  re la te

the mean s t r e s s  ( t r a c e  of the  s t r e s s  t e n s o r )  to d e n s i t y  and in ternal  e n e rg y

by a M i e - G ri i ne i s e n  c a l o r i c  equa t ion  of s ta te  and the s t r e s s  devia tor  te n-

sor  to the r a t e - o f - d e f o r m a t i o n  t ensor  b y an e l a s t i c - p e r f e c t ly p l a s t i c

r e l a t i o n  of t he  von M i s e s  type ;  e x t e n s i o n  to g e n e r a l  a n i s o t r o p ic p l a s t i c i ty

u t i l i z i n g  a p l a s t i c  p o t e n t i a l  and an a s s o c i a t e d  f low r ide  is unde r develop-

rr’en t .  C o n s t i t u e n t  d e b o n d i ng  and c o m p o n e n t - i n t e r f a c e  ph ysics  is g ov e r ne d

b y a Coulomb f r i c t i o n a l - t y p e  r e l a t i o n;  the l a t t e r  c o n s t i t u t e s  the p r e s e n t

rr’ t a s u r e  of “damage ’ ; e x t e n s i o n  of t h i s  m e a s u r e  to inc lude m i c r o c r a c k i ng

t h r o u g hout the  com ponents  is , as was noted p r e v i o u sl y, under  stud y.

In the  case  of l i n e a r  e l a s t i c  wa ve p ropaga t ion , model  a c c u r a cy

ea s  been  d e m o n s t r a t e d  b y c om p a r i s o n  of p hase  v e l o c i t y  s p e c t r a  wi th  exact

a n d / o r  e x p e r i m e n t a l  da ta .  A c c u r a cy  su p e r i o r to e x i s t i ng  t h e o r i e s  has

b een  o b s e r v e d , as  we l l  as f i r s t  o r d e r  mode l  app l i c a b i l i ty  down to wave-

l e ng th s on t h e  o r der  of ty p ica l  compos i t e  m i c r o d i m en s i o n s  ( w h e n  the  e n e rg y

4 
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is p a r t i o n e d  p r i m a r i l y in the  f i r s t  mode) .  In addit i on , a number  of t r an s i e n t

pulse cases  have  been t r e a t ed ;  these  e x h i b i t  good c o r r e l a ti o n  wi th  exac t  a n d / o r

e x p e r i m e n t a l data. A samp l i n g  of t yp ical  t r a n s ie nt pulse  res ul t s f or both

l amina ted  and u n i d i r e c t i o n a l  f i b r o u s  comp os i t es  is i l l u s t r a ted  its Fi gs. 1-4

of Appendix 1. T yp ical t r a n s i e n t  wave p r o p a g a t i o n  r e s u l t s  fo r  a complex ,

advanced , t h r e e - d i m e n si o n a l  compo s i t e  a r e  g iven  in F’i gs.  8- 10  of Append ix I.

Complete de ta i l s , i n c l u d i n g  e x t e n s i v e  ph a s e - v e l o c i t y -  s p e c t r a -  ca lcu la t ions,

can be found in the appro pr i a t e  r e f e r e n c e s  l i s t e d under  Sect ion 2. 3.

In the c a se  of l a r g e  d e f o r m a t i o n s  and e l a s t i c - pl a s t i c  wave propaga-

tion , t h e o r e t i c a l  t r a n s i e n t  p u l s e - r esu lt s  fo r  p r o p a g a t i o n  pa ra l l el  to the

f i b e r s  of a u n i d i r e c t i o n a l  f i b r o u s  compos i t e  have  been compared  wi th  data

f r o m  a 2D - L a g r a ng ian f i n i t e  d i f f e r e n c e - c o d e  ( C R A M ) ;  the l a t t e r  is e s sen t i a l ly

exact .  As can he o b s e r v e d  fr o m  Ap p e n d i x  I , Fi gs. 1 1 - 1 4 , the a g r e e m e n t

b e t w e e n  “ exac t ” and a p p r o x i m a t e  c a l c u l a t i o ns  was found to be exce l l en t .

Model a c c u r a c y  in the case of inte r face deh onding has , to-date ,

been a s s e s s e d  b y c o m p ar i s o n  wi th  e x p e r i m e n t a l  da ta on delamina ted

pla tes  composed of al te r na t ing  l ay e r s  of Pol yrneth y l M e t h a c r ylate (PMMA ,

Rohm and Haas T ype A ) , and 606 l - T 6  a luminum . The lam i n a e  of the

c o m p o s i t e  w c r e  o r i e n t e d  p e r p e n d i c u l a r  to the  impac t  p lane , and s t r u c k

b y a p r o j e c ti l e  f i r e d  f r o m  a 10 cm bore  li g ht  gas gun. On the  b a s i s  of

ave raged pa r t i c l e  v e l o c i t y  m e a s u r e d  at  the  r e a r  f ace  of t h e  spec imen,

the model  h y p o t he s i z e d  y ie lds  e x c e l l e n t  c o rr e l a t i o n  wi th  the e x p e r i m e n t a l

5
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r e s u l t s .  The t e s t  setup  and t y p ica l  r e s u lt s  a r e  i l l u s t r a te d  in Fi gs. l 5 — 1 i ~

of A ppend ix  I.

In a d d i t i o n  to the above , s t u d i e s  c o n c e r n i ng  the a c c u r a c y  of the

t h e r m a l -p o r t i o n  of the c o n t i n u u m  m o del s  were  u n d e r t a k e n.  In p a r t i c u l a r ,

d i f f u sw r s - ty p e  p r o c e s s e s  in a l a m i n a t e d  compos i t e  wi th  p e r i o d i c  m i c r o -

s t r u c t u re  were  examined .  So lu t ions  fo r  the  l o w e s t - o r d e r  models  were

c o m p a r e d  wi th  “e x a c t  r e s u l t s  f r o m  a f i n i t e  d i f f e r e n c e  code. For m o st

c a s e s  the l o we s t - o r d e r  “ e f f e c t i v e  c o n d u ct i v i t y ’ t h e o r y  was found to y ie ld

good r e s u l t s .  For exc~’pt iona l p r o b l e m s  r e q u i r i ng  a h i gh e r - o r d e r  t h e o r y ,

a m o d i f i e d  v e r s i o n  of the l o w e s t - o r der  t h e o r y  was found to y ield e xc e l l e n t

c o r r e l a t i o n  b e t w , ’e n  ‘x ~ ct and  ap p r ox i m a te  so lu t i ons .  For many  p r o b l e m s

of the  d i f f u s i o n — t y p e , t t ’ ~~e eI ’ -n : e n t a r y  e q u a t i o n s  m ay  o f f e r an a t t r a c t i v e

a l t e r n a t i v e  to o the r n t ~’~~r 1s fo r  o b t a i n i n g  s o l u t i o n s .  T yp ica l  r e su lt s  for

the case of h e a t  p r o p a g a t i n ~ n o r m a l  to the l a y e r s  of the  l a m i n at e d  com-

p o s i t e  of Fi g. I , A p p en d i\  1, a r e  i l l u s t r a t e d  in Fi gs. 19 and 20 of

Ap p e n d i x  I. In e ach  case  a u n i f o r m  t e mp e r a t u r e  T is app l ied  to y 0

f r o n i  t = 0 and t = t wh i l e  the’ b o u n d a ry  t ”mp e r atu re  is z e r o  fo r  a l l  o t h e r

t i : r l L ’ . ( H e r e  .~ = h + h , p c = h e a t  c a p a c i ty  of ~~-m a t e r i al , k1 2 ~~~~
t h e  rmal  d i f f u s i v i t y h  It is emp h a s i z e d  h e r e  t h a t , a l t h o u g h  Fi gs .  19 , 20

r e f e r  to a on e - di m ’~is io na l ex a m p le , the t h e o r y  is v a i i d  fo r  three-

d in e n s i o n a l  p r l ) b l ( ’m s .  Thc o ne - d i m e n s i o n a l case was  s e l e c t e d m a i n l y

au se  t h , ’ P i o = t  s ’ ’.’~ r~ ’ t e s t  of t b ’  t h e o r y  occu r s  wh en  h e a t  f l o w  is
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n o r m a l  tc the la~ru n at e s  ( s i n c e  ma t e  n a t  p r o p e r t i e s  a r e  d i s c o n t i n u o u s  in

t i i  s d i r e c t i o n ) .

F i n a l l y, i t  is n o t e d  t h a t  a m a j o r  d ev e l o p m e n t  in t h e o r e t i c a l  m o d e l i n g

v a s  e f f e c te d  d u r ’, n - ~ t h e  p r e v i o u s  r e s e a r c h  p er i o d .  Th i s  d e ve l o p m e n t  a l lows

t r e a t ~n e n t  of a r b i t r a r y  f ib e r  g e o m e t r y  and a r r ay s .  B a s i c a l l y the  t a sk  of

c o n s t r u c t i n g  r~~i \ t u r e  th ~ a r i e s  has  been  p a r t i o n e d  i nt o  two i s o l a t e d  s t ep b .

T h e  f i r s t  s t e p  i n v o l v e s  t h e  d e t e r m i n a t i o n  of the g e n e r a l  m i x t u r e  equa t ions

f o r  a n ar t i cu l a r p r ob l em  c l a s s ;  t h e se  equa t i ons  i n v o l v e  c o e f f i c i e nt s  wh ich

r~~~st be d e t e r m i n e d  f r -a n the  d e t a i l e d  r u i c r o s t r u c tu r a l  g e o m e t r y ,  i n t e r —

f a a ”  da t a , and  c on st i t a t ~ ve r e l a t i o n s .  The second  s tep  d e f i n e s  the con-

S t O f l ’ r’ via a qu~~s i — s t i t i c  ‘ r n i c r o b o u n d a  ry value p r o b l e m ’’ (M V P) .

R , -’s o l u t i  ~n of t he  ~Y V F ’  is c a r r i e d  out  b y a v a r i a t i o n a l — b a s e d  f i n i t e  e l eme n t

r et h - a d .  The  p r . c e d u r e  h - i s  b e en  app l i e d  to d i f f u s  i on  and wave  p r o p a g a —

t o n  in un d i r e ’  t i on a l  co m p o s i t e s .  H e r e  imp o r t a n t  i n f o rm a t i o n  has  been

on t a ~ ned r e g a  r d i n .~ t he  a c c u r a cy  of the  c o n c e n t r i c  cy l in d e r s  approxin-i a t i o n

asc - d f r e q u e n t l y in p r a c t i c e  f o r  c i r c ul a r f ib e r s  in a h e x a g o n al  a r r ay  and

f o r  r e c t a n g u l a r  f ib e r s  in a s i m i l a r  a r r a y .  E x t e n s i o n  of the p r o c e d u r e  to

a r b i t r a r y  t h r e e  d i i n ’ ’n s i o n a l  g e om e t r i e s  is u n d e r  deve lopmen t .

A d i s c u s s i o n  of thc  above  s u bj e c t  m a t t e r  can be found  in t he  s u r v ey

p i p e r  u s  t”~ under  ~~~~
- ctic ’ n 2 . 3. For the  r e a d e r s  c o n v e n i e n c e , the  l a t ter

in c l u d e d  as A pp n d i x  II  of t h i s  r e p o r t .
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2 . 2  R e s e a r c h  App l i c a t i o n s

The f u n d a m e n t a l  concep t s  embodied  in the a f o r e m e n t i o n e d  wa ve

p r o p a g a t i o n  s tud ies h av e  been s u c c e s s f u l l y emp loyed  in an app lied r e s e a r c h

e f f o r t  to model  l - D  ( FM I  C O M R A D)  and A\ ’CO 3DQP q u a r t z  pheonli c

composi tes .  T h e s e  mode l s , and the  r e s u l t i n g  n u m e r i c a l  code (TINC)  a re

p : es e n tl y in p r a c t i c a l  use b y the eng i n e e r i n g  p r o f e s s i o n .  T yp ical r e s u l t s

f o r  3 DQP a r e  i l l u s t r a t e d in Fi gs. 5 - 10 of Appendix  I.

2. 3 Lis t  of Pub l i ca t ions

The f o l l ow i n g  p u b l i c a t i o n s  a r e  r e p r e s e n t a t i v e  of the r e s e a r c h

p r o g r e s s  a t t a i n e d  d u r i n g  p r e v i o u s  and p r e s e n t  Gran t  p e r i o d s .  All

p u b l i c a t i o ns  l i s t e d  were  e i t h e r  t o t a l l y or p a r t i a l l y s u p p o r t ed  b y AFOSR.

Wave  P r o p a gat i o n

H e g e m i e r , G. A. , ‘ ‘ F i n i t e — a m p l i tude  E l a s t i c — p las t i c  Wave
P r o p a g a t i o n  in Lamina t ed  Co m p o s i t e s , ” J. App l. Ph ys. 45 :
42 4 8 -4 2 5~~, 1974.
(AF OSR T e c h n i c a l  R e p o r t  No. 74-0  177).

H e g em i e r , G. A. , and G. A. Gu r t m an , “F i n i t e - a m pl i tude  E l a s t i c -
p l a s t i c  Wave  P r o p a g a t ion  in F i b e r - r e i n f o r c e d  Compos i t e s, ”
J. App !.. Ph ys. 4 3 : 4 2 5 4 - 42 6 1 , 197 4.
(AFOSR T e c hn i c a l  R e p o r t  No . 74 -b  598).

H e g em i e r , 0. A. , and 0. A. Gu r t m a n , “A M i x t u r e  T h e o r y  for
W a v e  G u i d e - ty p e  P r o p a g a t i o n  and  D e b o n d i n g  in L a m i n a t e d
C o m p o s i t e s , ” Jut .  J. So l id s  S t r u c t u r e s  11 :9 7 3 -9 8 4 , 1975.
(A F’OSR c r e d i t  l i ne) .
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H e g e m ier , 0. A. , “On a T h eo r y  of I n t e r a c t in g  Cont inua  f o r  Wave
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A P P E N DI X  I

Compendium of T yp ical Theore t i ca l  R e s u l t s

P re sent ed  in t h i s  A ppendix  is a samp ling of typ ical t r a n s i e n t  pulse

and d i f f u s i o n  c a l c u l a t i o n s  c a r r i e d  out  u s ing  the T h e o r y  of I n t e r a c t i n g

Cont inua  ( T I N C ) .  The cases d i scus  seci include laminated and u ni d i r e c t i o n a l

f i b r o u s  compos i t e s  as wel l  as a complex 3 -d imens iona l  layup. Resu l t s  of

the TINC t h e o r y  fo r  each example a r e  compared to exper~~~ ental data.

Lamina ted  Compos i t e s

The g e o m e t r y  of  the  l a m i n a t e d  compos i t e s  s tud i e s is i l l u s t r a t e d

in Fi g. 1. One problem of i n t e r e s t  is that of symmetr ic  (P) wave

pr o p ag a ti o n  p a r a l l el  to the l ay e r s , wi th  mate r ia l  b e h a v i o r  r e s t r i c t e d  to

the l i nea r  e l a s t i c  r ange .  A c o m p a r i s o n  of TINC and exper imenta l  r e s u l t s

is g iven in F i g .  2. The e x p e r i m e n t a l  r e s u l t s  were rep or ted  b y W h i t t i e r

ari d Peck ~ 1 f o r  sp e ci m e n s  composed  of Thorne l  (hi gh modulus carbon)

f i b e r s  r e i n f o r c i n g  a ca rbon  pheno l i c  matr ix.  Specimens  of 1/4 - inch

t h i c k n e s s  were  sub j ec t ed  to a u n i f o r m  p r e s s u r e  at the l e f t  boundary,  with

a step f u n c t i o n  t i m e - d e p e n d e n c e  induced  b y a gas dy n am i c  shock  wave of

about  70 p s i .  The n u m e r i c a l  ca lcu la t ions  were  in i t ia ted  by impacting a

s tep  f u n c t i o n  v e l o c i t y  of 7.786 c m/ s e c  to both c o n s t i t u e n t s  at the boundary .

W h i l e  t h i s  c o n d it i o n  does not  c o r r e s p o n d  p r e c i s e l y to the e x p e r i m e n t, it

was fe l t  t ha t  t h e  e r r o r  i n t r o d u c e d  would be neg li g ible w h e n  f a r  remo ved
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‘ —~~~~~ - - -~~~~~~~~~~~~~~~~~~~~~~ - - -~~~~~~~~~~ - -~~~~~~~~~



f r o m  the f r o n t  s u r f a ce .  Fi gu r e  2 dep ic t s  the c o m p a r i s o n  be tween

e x p e r i m e n t  and t h e o r e t i c a l  r e s u l t s  f o r  a v er a g e d  rear  s u r f a c e  v e l o c i t y ,

no rmali zed  on the b o u n d a r y  input  ve loc i ty .  S ince  absolute  t imes w e r e

not m e a s u r e d  in the  t e s t s , t h e o r e t i c a l  and e x p er i m e n t a l  r e s u l t s  w e re

m a t c h e d  at t he i r  r e s p e c t i v e  f i r s t  peak a r r i v a l s .  In the fi g u r e , resu l t s

f r o m  the ful l TINC equa t ions  so lved numer ica l ly a r e  deno ted  “ C o n t i n u u m

m i x t u r e  t h e o r y . ” The  r e s u l t s  denoted  “Simp l i f i e d  t h e o r y ” a re  for  an

e l e men t a ry  f o r m  of the TIN C t h e o r y  admi t t i ng  a c l o se d - f o r m  solu t ion .

U n i d i r e c t i o n a l  Fib rous  Co m p o s i t e

The  T I N C  t h e o r y  has  been  app l ied to the p rob lem of wave prop-

ag a t i o n  p a r a l l el  to the  f i b e r s  of a u n i d i r e c t i o n a l l y r e i n f o r c e d  compos i t e

w i t h  h e x ag o n al  a r r a y .  The h e x a g o n a l  a r r a y  is a p p r o x i m a te d  b y co n c e n t r i c ,

l i n e a r l y e l a s ti c  cy l i n d e r s  as  i l l u s t r a t e d in Fi g. 3.

In Fi g. 4 , t r a n s i e n t  p u l s e  data  p r e di c t e d  b y TINC is compared

v:ith e xp e r i m en t a l  da ta  on a u n i d i re c t i o n al  q u a r t z  ph en o l i c  f ib rous

compos i te .  The ex p e r i m e n t s  were  sub j ec t ed  to a 70 ps i  s t ep  f u n c t i o n

in p r e s s u r e  via a shock  tube.  The f i g u r e  dep ic t s  the  c o m p a r i s o n  be tween

the  e x p e r i m e n t a l and  TIN C  t h e o ry  code p r e d i c t i o n s  of a r e a - a v e r a g e d  r e a r

s u r f a c e  v e l o c i t y .  R e s u l t s  of the s imp l i f i e d  T IN C  t h e o ry  a re  a l so  por-

t r a ye d .  Once a ga i n  th~ e x p e r i m e n t a l  and t h e o ret i c al  r e su lt s  a r e  matched

a t  t h e i r  f i r s t  peak a r r i ’~a1s s i n c e  a b s o l u t e  a r r i v al  t i m e s  w e r e  not  m e a s u r e d

e x p e r i m e n t a l l y. A s  was the  c a s e  in Fi g. 2 , the t i m e s  shown  a r e  t h o s e
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p red ic ted by the theory .

Th ree -d imens iona l  Layups

Pred i c t i ons  of t r an s i e n t  pulse behavio r f rom the TINC t h e o r y

have been compared to experimental  r esu l t s  for a 3-dimens ional quartz

p henolic compo s ite (3DQP) manufac tured  b y AVCO. A representa t ive

select ion of the resul ts  a re  g iven here.

A “block”  3DQP sp ec imen  (Fi g. 5) was subjected to shock tube

tes ts b y the Aerospace  Corpora t ion . The tes t  p rocedure  is the same

as tha t  used fo r  l amina ted  and fib rous compos i tes  and is de s c r i b e d  above.

Once again  the t h e o r e t i c al  and exper imenta l  b o u n d a ry  cond i t ions  a re  not

iden t i ca l , bu t  t h i s  d ec r e p a n cy  is expected to introduce little e r r o r . Th e

ave raged rear  s u rf a c e  ve loc i t y m e a s u r e d  by exper iment  is compared to

tha t  p r e d i c t e d  b y the TINC t h e o r y  in Fi g. 6. A l so  shown a re  r e s u lt s

p red ic ted by the e l e m e n t a r y  “H ead of the  Pulse ’ approximate  C2 J .

The exper imenta l  data has  been forced  to coincide  with the theore t i ca l  at

V / V  1/ 3  s ince  a b s o l u t e  a r r i v a l t imes  w e r e  not  measured .0

Anothe r  set  of r e l a t i ve l y low p r e s s u re  wave p ropaga t ion  exper iments

were  p e r f o r m e d  at the A i r  Force  Weapons  La b o r a t o r y  us ing a li ght  gas

gun and “m i d s p a c e ” 3DQP specimens, shown in Fi g. 7. In this test , t h r e e

spec imens  of d i f f e r e n t  t h ic k n e s s e s  were  mounted  on a s ing le t a rg e t  and

impa c ted with  a .0 I - i n c h  my lar  fl yer.  The input s t re s s  p r o f i l e s  for  the

th ree  spec imens  a re  i l l u s t r a t e d  in Fi g. 8. For the TINC calcula t ions ,

16
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inpu t ve loci ty  t i m e - h i s t o r i e s  co r respond ing  to the s t r e s s - t i m e  data of

Fi g. 8 were used. A comparison of exper imenta l  and theore t ica l  results

for  the th ickes t  of these specimens is shown in Fi g. 9. Since absolute

a r r i va l t imes were  not measured , the two curve s are  fo rced  to coincide

at the i r  peak p r e s s u r e s .  The a g r e e m e n t  h e r e  is exce l l en t, especial ly

in view of the tact tha t the wave is measured  onl y 2 - 1 / 2  microdimensions

f rom the f ron t  sur face. Also , with the 10kb input s t ress , this is a non-

~~~~ rp 1,~ ’1; i f i n ~~

The AFWL also pe r fo rmed  a ser ies  of h i gh - p r e s s u r e  gas gun

exper iment s on “m ids pace ” 3DQ P specimens (Fi g. 7) . Exper imenta l

and theore t ical da ta a r e  compared in F ig. 10. The observe d ag reemen t

ind i ca t e s  th a t  th e th e rmod ynamic and nonl inear  cons t i tu t ive  behavior

incor pora ted  into the TINC theore t i ca l  model a re  adequate. Note that

here  the rea r su r face  ve lo c i ty  is mea s u r e d  on l y 1- 1/ 2  mic rod imens ions

f ro m the f ron t sur face, Th us , as b e f o r e , the TINC theory ,  thoug h

der ived  as an “ out er ” so lution , y ields sur p r i s i ng l y good r e su l t s  even

at locat ions quite near the boundary .

Compar ison  of TINC and 2 -D Finite Diffe rence Code

It is of i n t e r e s t  to compare the r e s u l t s  f rom a TINC calculat ion

to those of a typ ica l two-dimensional  Lagrari g ian f i n i te d i f f e r e n c e  code

which  is essen t ia l l y exact. Such a code (CRAM ) is ava i lab le  at  Sys tems ,

Science and Software , Inc. The two codes were  compared for  the
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conce nt r i c  cy l inder  g e o m e t r y  of Fi g. 1 1. Compute r costs for  CRAM we re

approximatel y 500 t imes those for  running the TINC code. Se veral typ ical

res ults a re  illustra Lc ’ d in Figs.  12- 14 for  a squa re wa ve input velocity

(s hown as prob lem ~2 on Fi g. 11) . Once aga in , th e calc ula t ions were

ca r r i ed  ou t within a few microdimensions  of the boundary.

Debonding of Cons t i t uen t  In t e r f aces

Model  a c c u r a c y  in the case of i n t e r f a c e  debonding or  cracking

has , to date , been ass essed by comparison with experimental data

dea l ing  wi th  delaminate d p late s composed of a l t e r n a t i n g  l aye r s  of

Pol ymeth y l Met ha c r y late (PMMA , Rohm and Haas Type A),  and 606 1-T6

aluminum. The laminae  of the composite were  or iented pe rpend i cu lar

to t h e impac t  p lane , and st ruck  by a p ro jec t i l e  f i r ed  f rom a 10 cm bore

l i ght  gas gun. On the bas is  of ave r aged  p a r ti c l e  v e l o c i t y  m e a s u r e d  at

the rea r  face of the specimen , the model h ypo th e s i z e d  y ields excelle nt

co r r e l a t i on  with the experimental  results .

The tes t  setup employed is i l lus t ra ted in Fi g. 15. Typ ica l

cor re la t ion  between theore t i ca l  and exper imenta l  resul ts  is shown in

Fi gs .  16- 18. Complete de ta i l s  can be found in r e f e r e n c e  ~ l 3

D i f f u s  ion

Th e lamina ted g e o m e t r y  of Fi g. I was selecte d to evaluate the

continuum model  c o n s t r u c t i o n  p r o c e d u r e  for d i f f u s i o n  problems (a
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com plete d is c u s s i o n  of th i s  work can be fo und in r e f e ren c e  E 4 ] ) .  The

case of heat  propagat ion no rmal (in the y - d i r e c t i o n )  to the layers  was

se lec ted  for a compari son  of exact and cont inuum theo ry  so lu t ions  since

it is know n tha t th i s  case r ep resen t s  the most  severe  test  of the lat ter .

Fi gure  19 represen ts  a case of s imi lar  mate r ia l p roper t ies whereas

Fig .  20 i l l us t r a t e s  the c o mp a r i s o n  fo r  widel y d i f f e r i ng  m a t e r i al  prop-

e r t i e s .  Cont inuum t h e o ry - r e s u l t s  were  obta ined via c losed- fo rm

l~~~ir )n s  for  s nu a  rp -w ~ vp tempera ture input at the boun dary  y = 0.
- E x a c t ’ r e su l t s  we r e  obta ined us ing a f in i te  d i f f e r e n c e  code. The

c a l c u l a t i o n s  i l lu s t r a t e  the  a b i l it y  of the  f i r s t - o rd e r  t h e o r y  to model

m i c ro s t r uc t u r e  de ta i l s  and c lose l y ma tch  the exac t  da ta.
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MIXTUR E THEORIES WITH M I C R O S T R U C T U R E  FOR WAVE

PROPAGATION A N D  DIFFUSION IN COMPOSITE MATERIA LS

Two p rocedures  for  c o n s t r u c t i n g  mix ture  theor ie s with micro-
s t r u c t u r e  a r e  d i scussed  for wave propaga t ion  and the rmal  d i f f u s i o n
processes in binary l amina ted  and f ib r o u s  composi tes .  Each method
proceeds  f rom the composite micz-ost ruc tu re  and is based upon an
asymptot ic  scheme w h e r e i n  the ra t io  of t r an s v e r s e - t o - l o ng itudina l
characteristic times associated with a ph ysical  p roces s  is assumed to be
small. The methods re ta in  conside rable information regarding  the
me chanical  a n d/ o r  d i f f u s i v e  f i e lds  wi th in  the mic rocomponents.
Theore t ica l  results  a re  compared with both experimental and exact data
in an e ffo rt to eva lu.ate model accuracy .  The p r e s e n t a t i o n  includes treat-
ment  of g e o m e t r i c ,  co ri s titu t ive , and i n t e r f a c e  non l inear i t i e s .

I. LN T R O D U C I  lOiN

A c o n s i d e r a b l e  number  of cont inuum theor i e s  ha ve been proposed
for the rmomechanical p r o c e s s e s  in composi tes .  The continuum theory
of m ixtures r e p r e s e n t s  one of the more important  and succes s ful  theoreti-
ca l d e s c r i p t ions  of such  mul t i p hase  mater ia l s .  Accord ing  to this concept ,
the composi te  c o n s t i t u e n t s  a re  modeled , at each instant of time , as super-
posed continua in space. Each c o n t in u u m  is allowed to unde rgo  individ-
ual de format ions .  The m i c r o s t r uc t u r e  of  an actua l composi te  is then
s imula ted  b y s p e c i f y ing the i n t e r a c t i o n s  be tween  the cont inua .

Mix tu re  t h e o r i e s  fo r  muit i phase  m a t e r i a l s  have  been developed
f rom both m a c r o s t r u c t u r a l  and m ic r o s t r u c t u r a l  viewpoints .  The vast
r r a j o r it ’.r of  a c t i v i ty ,  h-a we ver , h a s  b e e n  d i r e c t e d t oward  the forme r ,
) . n L c h  c o n c e r ns  the or m u i a t L o n  of a gene  ra l  t h e o r e t i c al  fr a m e w o r k  f o r
c l a s s e s  of m i x t u r e s  based  upon c e r t a i n  phenomenolog ical pos tu la tes  that
avo id d e t a i l e d  rn i c r o s t r u c t u r a l  cons ide ra t ions .  Excel lent  accounts  of
this  approach  can be found in [ 1 - . 3 ’.

The development  of m ix tu re  theor i~~s trom the mic ros t ruc tu ra l
vie wpoint  r e p r e s e n t s  a mo re d i f f i c u l t  task. The reward , howe ve r , is a
model  - w h i c h  sha l l  be called a m i x t u r e  t h e o r y  with m i c r o s t r u c t u r e  -
tha t is comp lete l y de te r m ined by the geomet ry  and constitu t ive  relat ions
of the t nd iv i d ua l c o mp o n ent s  and which p rov i de s , to a ce r t a in  degree  of
a c c u r a c y ,  i n f o r m a t i o n  c o n c e r n i ng  r n i c r o s t r u c t u r e  f ie lds .  0 course ,
the  p r i c e  one mus t p a y  fo r  such  deta il is o f t e n  a ca se -by - c a s e  stud y
ra the r t h a n  a gene  r a l  t h e o r y .  N e v e r t h e l e s s , it should be recognized
that , wh i l e  gene ra l  m a c r o s t~ u c t u r al  - ba sed  t h e o r i e s  may  appear  more
e l e g an t , s u c h  t h e o ri e s  m a y  not be p r a c t i c a l  f o r  m a n y  app l i c a t i o n s  due to
~he u n r e a s on a b l e  b u r d e n  p l aced  upon the e x p e r i m e n t a l i s t  to de te rmine  a
mu l t L t u d e  of c o n s t a n t s  a n d/ o r  f u n c t i o n s .
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In t h i s  p r e s e n t a t i o n , focus is placed upon severa l  recent  wo rks by
the a u t h o r  and c o - w o r k e r s  conce rn ing  the cons t ruc t ion  of mix ture  theor ies

~ i th  r n i c r ost r u c t u r e  for  l amina ted  and f i b r o u s  c o m p o s i t e s .  The discus-
s ion  is l imi ted  to therrnomechanical  p r o c e s s e s  in compos i tes  wi th  in i t i a l
p e r i o d i c  m i c r o s t r u c t u r e .  P a r t i c u l a r  emph a s i s  is p laced upon wave
propaga t ion  and th e rmal d i f f u s i o n .

The presen ta t ion  is divided into f ive sections.  The methodology
assoc ia t ed  with two t heo re t i c a l  cons t ruc t ion  te chni ques is g i ven in
Section 2 a long  wi th  a b r i e f  s u r v ey  of app l icat ions .  These techniques
a re  demon s t ra te d via two examples in Sections 3 and 4. F inall y, in art
e f f o r t  to il l u s ida t e  the app l i cab i l i ty  and u t i l i t y  of the techniques , two
app l ica t ions  to non l inea r  p rob lems  a r e  d i s cus sed  in some detai l  in
Section 5; these  include compar i sons  between mixture theory ,  exact and!
Or experimental  r e su l t s .

2. METHODOLOGY AND SURVEY

A v a r i e t y  of c o n s t r u c t i o n  p rocedures  may be used to generate
m i x t u r e  t h e o r i e s  with m i c r o  st r u c t u r e .  Two such p r o c e d u r e s  are  selected

~~ ~~~~~ ~~~ . ir. .n . i~~~ .- .:f t~~t~ir  ob~~e r” ed uccess  in descr ib ing
th ermomechanica l p r o c e s s e s  in compos i te  mater ia ls .

The f i r s t  p rocedure , which is i l lus t ra ted  in Section 3 b y an
elementary example, is the D i f f e r e n t i a l - d i f f e r e n c e  Method .  This
a p p r o a c h  has  been used  to deve lop  con t inuum models  of wa ve propagation
in l i n e a r  e l a s t i c  r 4 - 9 , 2~ and l i n e a r  v i s c o e l a s t i c  [9- 10] laminated corn-
pos i t e s , wa ve p r o p a g a tion  in l inear  e l a s t i c  f i b r o u s  composites [7_ i l ] ,
wave p r o p a g a t i o n  and  debondir i g in laminated composi te s r 12] ,  and
the rma l d i f f u s i o n  in l aminated  compos i t e s [13 , 14]. The method consis ts
of ei ght bas ic  c o n s t r u c t i o n  s teps  w hi c h  may  be summar ized  as follows :
1) the f ie ld  q u a n t i t i e s  (all dependen t  v a r i a b l e s )  of each composi te
c o n s t i t u e n t  a r e  e xpanded in a s u i t a b l e  spa t i a l  s e r i e s  ( th i s  expans ion,
w h i c h  a rri3un~ s to d i s c r e t i z at i on  of the  c o m p o n e n t  doma ins , may  range
from a Tay ior series for sufficiently simp le geometrie s to topolog ical
mult ip lexe s - 15 ’ , e. g. , f in i t e  e l emen t s , f o r  complex g e o m e t r i e s ) ;
2) recurrence r e l a t i o n s  fo r  the  e x p a n s i o n  c o e f f i c i e n t - f u n c t i o n s  are  ob-
ta ine d b y use  of the f i e ld  equa t ions  and the s e r i e s  is te lescoped;  3) app lica-
t ion  of inte r face cont inu i ty  condi t ions  lead to d i f f e r e n t i a l  (in t ime) -
f i n i t e  d i f f e r en c e  ( in  space)  equa t ions ;  4) an a s s o c i a t e d  set of d i f fe rent i a l
‘in  t i m e )  - f u n c t i on a l  d i f f e r e n c e  e q u a t i o n s  is o b s e r v e d  to contain, as a
so lu t ion  s u b s e t , so lu t ions  of the f i n i t e  d i f f e r e n c e  r e l at ions ;  5) solut ions
of the  f u n c t i o n a l  equa t ions  a r e  smooth f i e lds  wh ich  take on exact value s
at d i s c r e t e  spa t i a l  po in t s ;  t hese  smooth f ie lds  a re  now emp loyed as
de pe ndent  v a r i a b l e s ;  6) a l l  spatial  d i f f e r e n c e s  are expanded in a Tay lor
s e r i e s  - an o p e r a t i on  w h i c h  f u r n i s h e s  p a r t i a l  d i f f e r e n t i a l  equat ions , i. e . ,
a con t~ nuum mode l ;  7)  no n d i m en s i on a l  v a r i a b l e s  and a small  paramete r
r e p r e s e n ti r 1~ the  r a t i o  of typ ica l  m i c r o - t o - m ac ro d i me n s i o n s  is i n t r o d u c e d
and  the  op e r a t o r s  a r e  t r u n c a t e d  a c c o r d i ng  to an a s y mp t o t i c  pr o c e d u r e ;
~) m i x t u re  e q u a t i o n s  r e s u l t  b y al g e b r ai c  mani p ula t ion .

The s e c o n d  p r o c e d u r e , i l l u s t r a t e d  in  Sec t ion  4 b y an elemen tary
“xamp le .  is th e  R e g u l a r  A sy m p t o t i c  Method.  Th is  a p p r o a c h  has been

42

- -~~~~~~~~~



G.A. Hegemie r - - - —

used to model nonl inear  wave p ropaga t ion  in l amina ted  [ 1 6]  and f ib rous
:17- 19 compos i t e s , and t h e r m a l  d i f f u s i o n  in f i b r o u s  compos i tes  [20-21] .
The me thod  c o n s i s t s  of s ix  bas i c  c o n s t r u c t i o n  steps  w h i c h  may be s um-
rn a riz e d  as fo l l ows :  1) based  upon the p a r t i c u l a r  composi te  and the
p r o c e s s  c o n s i d e red , an e s t i m a t e  of the o r d e r  of m agn i t u d e  of all f ie ld
va r i ab le s is made; 2) the f ie ld  equa t ions  are  r e - sca l ed  such that  all
dependent  v a r i a b l e s  are  0( 1-) ;-  in the p ro c e s s  a small pa rameter  is intro-
duced w h i c h  cons t i t u t e s  a measu re  of the  r a t i o  of m i c r o -t o - m a c r o -
dimens ions of the  p roblem;  3) the  c o nse r v a t i o n  e q u a t i o n s  are  averaged
to o b t a i n  a s t a n d a r d  m ixture fo rm;  4) the scaled field v a r i a b l e s  a re
expanded in a r egu l a r  a sy m p t o t i c  s e r i e s ;  5) the two lowes t  o r de r  sys tems
( in c l u d i ng  in te r face c o n d it i o n s )  are  used  to ob ta in  e xp r e s s i o n s  fo r  the
in t e r ac t i on  te rms and the cons t i t u t ive  re la t ions ;  6) the constan t s  involved
in 5) a re  obta ine d f rom the solut io n of a s ta t ic  m i c r o  b o u n d a ry  value
problem de f ined  ove r a unit cell; a var ia t iona l  p r i n c ip le - based f in ite
element me thod  is sugges t ed  to reso lve  th i s  b o u n d a r y  value problem.

A j u d i c i o u s  choice of a p a r t i c u l a r  method  depends upon the
problem.  The D i f f e r e n t i a l - d i f f e r e n c e  Method is best  s u i t e d  to l inear

~~ cI  -r ~ n~- z-. — ,- :c~~r n et r i e s  s u c h  as l a m i n a t e s .  Here  formall y
exac t  r e l a t i o n s  may be obta ined in many  cases.  The R e g u l a r  A s ymp t o ti c
Method is , on the o t h e r  hand , app licable to non l inea r  p rob lems  and
complex g eo m e t r i e s .  In t h i s  case one is u sua l ly content  wi th  the f i r s t
few t e rm s  of the a s y m p t o t i c  s e r ie s .

3. E X A M P L E  1: W A V E  P R O PA G A T I O N

For the p u rp o s e  of i l l u s t r a t i n g  the  D i f f e r e n t i a l - d i f f e r e nc e  Method ,
cons ide r wa ve p r op a g a t~~~n Lfl a p e r i o d ic  a r r a y  of l inear l y e l a s t i c , homo-
geneous  and i s o t r o p ic laminae , pe r fect l y bonded at all  inte r faces  as
i l l u s t r a t e d  in Fi g. 1. Let  y a x 2 f o r  no ta t iona l  conven i ence  and a s sume
a s ta te  of uniax ial  m o t i o n  in the y - d i r e c t i on ;  i. e. , the case of one-
~~r n e n s i on ~~ ~on ~~it ~ic~~na l  - v a v es  p r o P a g a t i ng  no rma l  to the laminae .  Re-
s tr i c t i n .~ a t :e nt i o n  t sr~ a~ i i sotherrr-a1 defo rmations , the appropriate
c o n s e r v a t i on  and c on s t i tu t i v e  eq u a t i o n s  a re

- p u ) ~~’~~ 0 ~ (~~- X -2~~)? u)~~’~~ ~ ( I )

whi le  the  i n t e r f a c e  c o n t i n u i ty  c o n d i t i o n s  are

(u ,~~l~ 
1 .k)

(~~
1) 

~ = ~u,
2 ’ ( - h ~

2
~ , t)

[u ,~~l
( I .k~~~ ( _ h

( I )
, t~ = Lu ,~~

Z
~~

k)
(h(z),t) . ( 2 )

th thIn the  a b o v e  the  s up e r s c r i pts  (~~, k ) re fe r to the k laye r of the &
c o n s t i t u e n t , ~ 1 , 2;  k = 1 , 2 , 3 . . .  . The v a r i a b l e  ~~~~~~ is a local
c o o r d in a t e  w~th o r i g t n  at  the mid p lan e  of the  (Q, k)  l ay e r ;  ~ ~ 22 a nd
u a u 2  a r e  n c r m a l  s t r e s s  and d i s p l a c e m e n t  ( s u b s c r i pt s  on ~ and u have
b een  d r - pp e ’~ fo r  b r e v i ty l . Ih e  q u a n t i t i e s  p (~~) , h ( a ) , ~~~~ ~~~ are ma ss
d e n s i t y ,  l a y e r h a l f  t h i c k n e s s  and Lame ’ c o n s t a n t s  fo r  the  ~ - c o n s t i t u e n t .
In addi t~~ n 

.~,( ) a ) / ~~v , ~~( ) ~ ( ) / ~~t.

Wa ’. -’ m o t i o n  in t~~e c o m p o si t e  is comp lete l y s p e c i f i e d  b y ( 1 ) ,  (2)
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t o g e t h e r  with i n i t i a l  condi t ions  at  t 0  and b o u n d a r y  data on y=O , H(H �

The ob jec t i ve  of the subsequen t  w o r k  is to rep lace t h i s  set of equat ions
( i n f i n it e  if H ~) b y a s ing le set of p a r t i a l  d i f f e r e n t i a l  eq u a t i o n s  which
r e p r e sen t  - a  cont inuum m i x t u r e  t h e o ry .

3. 1 Exp an s ion,  R e c u r r e n c e  R e l a t i o n s

Let us expand the s t r e s s  and d i sp lacement  about  each lamiI~ ,a mid-
plane as fo l lows :

(c~,k)
g (y  ,t )  ~ g~. ~(t)y /n~ . ( 3 )

n=0 ~~~

H e r e  g r e p r e s e n t s  any of ~~~~~~ (a, k) 
Upon su b s t i t u t i ng  (3)  into ( 1)  and

equat ing  p owers  of Y(~~’k) , one obta ins  the d i f f e r e n t i a l  - r e c u r r e n ce
r e l a t i o n s

(~ )
2 

(a,k) 2 (cx ,k) (~ ,k) -~(c~) (c~,k)
c [U Io• :~( n +2 )  

= ~~~[u ~ o’~ ( )  ~~~ = E ‘1( n + 1)  
(4a )

( ) 2 
~~~~~~~~ , (X + 2~~)~~ , (4b)

w h e r e  n = 0 , 1 , 2 . . .  ; k = 1 , 2 , 3, ... ; ~ = 1, 2. Wi th  use of the r e c u r r e n c e
r e la tion s  (4a) ,  the  s e r i e s  (3)  may  be t e l e scoped  as fol lows

.,(c~,k) (~~,k) (~~,k) (~~,k )f u ,o~ (y  , t ) C 1U ~ O~~(0) 
(t)

- (o~,k) (~~,k )  —.— 1 2 (c~,k)
-r y S {E C~~P? u ) Q )  (5)

w h e re  ~~~~~~ g~~ k) 
a r e  f o r m a l  d i f f e ren t i a l  op er a t o r s  d e f i n e d  b y

(~~,k ) (& (~~,k)C s~ cosh(c y ~~) ,

(~~,k) (& (cy , k) - 1 (~ ) (c4k)S a (c y ~~) s Ln h ( c  y ~~) . (6)

The f u n c t i o n s  a(o)~~ ’~~ ( t ) .  u (0) ~~”~
)( t )  r ep r e s e n t  s t r e s s  and  d i sp lacement  at

the mid plane of the (~~,k) l a y e r ;  t he se  s e rve  as dependen t  va r i ab l e s  in the
e n s u i n g  anal y s i s .

3.2 T r a n s i t i o n  to a Cont inuum T h e o r y

Subs t i t u t ion  of the expansions  (5)  into the i n t e r f a c e  cond i t ions  (2 )
f u r n i s h e s the  fo l lowin g  d i f f e r e n t i a l  ( i n  t i m e)  - f in i te  d i f f e r e n c e  ( i n  sp a c e)
e q u a t i o n s  w i t h  dependen t  v ar i a b l e s  d e f i n e d  at d i s c r e te  p o i n t s  a long  the
y - a x i s :

- 2~~
(13 )

~~P; k ) 
- 

Y) ’ )
( c~;k + 1 )j ~~;k)

) = 0 ,

L 

i~~~) ~ , k+ I )  (~~.k) (~3) (~3 ,k )  ~~ (~~L (c~) 2 (~y , k 4~ I )  (~~,k)
~ 

~°~0)  ~~~0)  ) - ZC 0~0) - P s ?t
k
~O) 

- 

~ 0) ) = 0

(7)
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= 1 ,2; ~ ~
If one now def ine s the f ie lds

~ u,c ”~~~~(y , t)  a [u ,~~~~~~
’
~~~(y , t) f o r  ~~~~~~~~~~~~~~~~~~~~~~~~~ , -

a (0 ,0)  for  Y € ( Y ~~ ~~h Y~~~~~+h~~ ) , (8)

3 = 1, 2; c~ ~ ~~
; and if one note s that

cu 1~~~~~~ ;~~~(t)  = ~~~~~~~~~~~~~~ , ~~2 .k)~~~( 1~~k)~~ , A ah~
1
~rh~

2
~

(9)
t i-ien (7)  can be r e w r i t t e n  in the fo rm

(~~~
)_ (& (c e) (~3) (p)

C Lu  (y+~~,t) + u (y -~.,t ) J _ Z C  u (y , t)

- 
)~~~(~~ )

_ 

S [J&(y+~ ,t) - j~~(y - A , t)) = 0 , ( l0a)

c~~~~o~~~~y+A ,t) ~
- C~~(y -~ ,tfl - 2C~~~0~~~(y , t)

(~~) (~~) (~~) 2 (~ ) (~ )
-p h S ?

t
[U ( y4-~~ , t) - U ( y-~~ , t)] = 0 , ( l O b )

= 1 , 2 ; ~ ~ 3. E q u a t i o n s  ( l O a , b) were  obta i ne d b y rep lac ing  the f ie lds
t )  and ~~ D

’
k)  + ~ , t ) ,  e tc. , b y the smooth f i e lds  o(P )( y, t),

- -.~.,  t ) ,  etc. , d e f ~ned  ove r the e n t i r e  domain  of the composi te ;  here

~~ deno te s the mid p a n e  of the  (o~ k)  laye r ( s ee  Fi g. 1 ).

The f u n c t i o n a l  d~ f f e r e n c e  eq u a t i o n s  ( I O a , b)  conta in , as a subset,
tn e  s o l u t i o n s  of the  f t n i t e  d i f f e re nce equat ions  (7) .  Tha t is , the new
f i e l d s  s a t i s f y (7)  at  v = ~~~~~~~ T h e r e f o r e , the new d ep e n d e n t  var iables

~~~~ ~~~~ a r e  f u n c t i o n s  d e f i ne d  fo r  all y which a s s u m e  exac t  value s at
l ay er  midp~ane s .  A~~sun ~ in ~ the  a d m i s s i b i l i t y  of such  e x p a n s i o n s, all
s ’ ~~ms  a n d  d- :~ e r e n c e ~ a:~ nn~v e xp a n d e d  about  ~ U in  a T ay l o r  s e r i e s ;
th i s  leads to the p a r t i a L  d~~~e r en t i a 1  equa t ions

- h~
°
~~ ~~~~ 

1
)~~~

y
~~~) - C~~ u~~ = 0

~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~ - c~~o~~ = 0  ( 1 1 )

~, = 1, 2; ~ ~ 3, w h e r e  C , S a r e  fo rmal  d i f f e r e n t i a l  op e r a t o r s  of  the fo rm

C a co s h( ~~~ ) , S a (~~ ) 1 
s inh (A ~ ) . (12)

y y y
u at i on s  ( I i )  c o n s t i t u t e  a c o n t i n u u m  model  of the composi te .  The

d e p e n d e n t  v a r i a b l e s  u~~~, ~~~~~~~ of ( I I )  can be used  to r e c o n s t r u c t  the
m i c r o s t r u c t ur a l  f i e l d s  t H r o u g h ( 5 ) ( n o t i ng  ( 8 ) ) .

3 .3  S c a l i n g

Let the  t yp ica l  r n a c r o dim er i s ion ’ o f  t he  p r o b l e m  be ~t. and the
t yp~ cal  ‘ r n i c r o dim e n s  i o n  be ~~. The q u an t i t y  i r ep r e s e n t  a d o m i n a n t
s i z n a l w a v elen g th  a s s oc~ a ted  w i t h  wave m ot i o n .  In t r o d u c e  the non-
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d i m e n s i o n a l  q u ant i t i es

(~~) (~~) 2 (~ ) (~ )
y /J  , -r t c / I  , a , 2: a ~ / p c  , a u I: .

( 13 )
w h e r e  p. c denote a p p r op r i a t e  mix t ur e de n s i t y  and wave speed. Then ( I L )
b eco mes

- - = 0

- ~~~~~~~~~~~~~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~ 

= 0  , (1 4)
w he r e

a cosh (fy~~~? )  , a ( y ) s i n h ( ~~~~~~~~) ,  ( 15a)

a cos h (~~~~) , g a (c~~~) 1 
s in h ( ç~~~) , a ( c / c )n~~~, ( 15b)

(~Y )  (~ ) ~~~ (~~) (ci ) (~ ) 2 (~ ) ‘-(ci )n a h /~ , p a n p I p  , ~ a pc n / E . ( 15c)

~~~~ ~~ v~~r r i i n :  c~~ :~~t o — s  (~ 4~ ‘~ now scaled  such tha t , if y~~(O~ x)
and r~~(O , i/ c) ,  t hen  i c ( O , 1) and r~~(O , 1); that  is , the ma c rod imens ion  is
now 0( 1)  wh i l e  the m~ c r o d im en s  ion is 0 (c ) .  Thus , it is e v i d e n t  that  all
f o r eg o in g  T a y lor e xp an s io nr  abou t  ~~~0 a r e  in f act  e xp an s i o n s  about  C = 0;
f u r t h e r , all o p e r a t o r s  a r e  p ow e r  s e r i e s  in ~~~~~~ n = 0, 1,2 .. .  . Such
expan sions are not requ :red to conver~ e , but onl y be asympto t i c  as
~ -.0 Ed:.

3.4 B i n a r y -  M i x t u r e  T h e o r i e s

W ith  some al g e b r a i c  manipula t i on s , e q u a t i o n s  ( 1 4 )  may  be re-
w r i tt e n  in a fo rm c h a r a c t e r i st i c  of b i n a r y  - type m ixt u r e  t h e o r i e s as
Lo lb w s:

- ~ (ti) .Jo~ (~~~~- 2 ~~ c~+ l  -
~
. ‘- :  ~~2: -~~~ ~

.. ~~~~~~~~~= ( — I )  ~~, ( 1~~a)C ‘I• ’

- 

~~~~~~~ 
= ( - 1~~~~~-’ ~ ( 16b)

1, 2. Here

2 ( 2 )  (2)  ( 1 )  ( 1 )  2 (2 )  ( 2 )  ( 1 )  ( 1 )
ç a - , p a - ~ , ([6c ,~~

a 1/ 2 ~ + 
2
/4 + ~~~~~~~~~~~~ . ( 16e )

The b r a c k e t  in ( I 6 a )  s ug g e s t s  a momentum e q u a t i o n  while  that of
I I 6b) has the cha racte r of a c o n s t i t ut i v e  re la t ion .  The q u a n t i t ie s  P and R
r e p r e s e n t  c~~n s t i t u e n t  L o t e r a c t i or i  t e r m s .

A m ix t u r e  t h e o r y  of o r de r  n is now de f in e d as those  e~~u at i o n~
o b t a i n e d f r o m  ( 1  6a , b)  b y t r u n c a t i ng  th e  ope r a t o r s  - and  ~~~~~~ as
~.el1 as the  in p and  ~ , a f t e r O( c 2

~~~~
2 ) t e r ms .  In p a r t i c u l a r , a

m ix t u r e  the -~r y  of  o r d e r  I is , unde r t H i s  d e f i n i t i o n , g i v e n  b y

4’J
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~~ (?~~~/2- 
~~~277)~~~ =(~~1)~~~~çD~ , ?~ ( i1/2-F ’E)~~ (-1)~~~

l
1l~ ( 17a,b)

a , c ~~~‘ -  a - . (18c ,d)

~ quat ions ( I 7 a )  may be i n t e rp reted as mi x t u r e  momentum r e l a t i o n s  and
( 17b) as mix tu r e  cons t i tu t ive  equations.  The in t e r ac t ion  t e r m s  in this
f o r m u l a t i o n  are  p ropor t iona l to d i sp lacement and s t r e s s  d i f f e r e n c e s ,
r e s p e c t i ve l y.

The opera to r ~~ p r e c e d i n g  the le ft s ide of each  equa t ion  ( 17a , b)
can be e l iminated b y expand ing the dependen t  v a r i a b l e s  in r egu l a r
asym ptot ic  s e r i e s  in C. The resu l t~upou re ta in ing  0(c 2 ) te rms only, is

- = (- ~)(~ )~ , ~~ 2
(77

( l ) ( 2 ) ) (18)

w h e r e  ~ is a cons tan t  w h i c h  is a comp licated func t ion  of composite
g eo m e t r y  and m a t e r i a l  prope r t ies .  The q u a n t i t i e s  ~~~~~~ p(IYP ) h e re  play
the role of ‘ pa r t i a l  s t r e s s e s  and d e n si t i e s ;  t h e i r  ph y s i c a l  i n t e rp r e t a t i on,
h o w e v e r , is not o b v i o u s .  De ta i l s  c o n c e r n i n g  the d e r i v a t i o n  of (18 ) ,
wh i c h  shall  be calle d a n~ j d i f i e d  ( f i r s t  o r d e r)  m i x t u r e  t h e o ry ,  can he
found in 

~~~~
Let us now c o ns i d er  the lim it as  c -~ 0 in ( 16) .  If it is assumed,

tha t  ~ and c ma y be se lec ted  such tha t  ~~ ( ) = 0( 1) ,  ~~ ( ) = 0 ( 1)
n = 1 , 2... , w h e re  ( ) represents or ~~~~ as c -. ~ (i .  e. , as th e rat io
of m i c r o - t o  m a c ro - d i m e n s i o n s  v a n i s h e s ) ,  t hen  ( 1 6 )  r educes  in dimen-
s iona l  fo rm to

2 ( l ~ 1) )2 ( 2 )  - ( 1 ) ~~ ( 1 )  ( 2 ) — ( 2 )  2 . (~ )
- (n p -rn p ) In  E + 11 E )? t~~[’~~~~ 

= 0. (19)

T h e r e f o r e , t he  t h e o r y  is n o n d i s p e r s iv e  as c -. 0 , a r e s u l t  to be expected.
E qua t ion  ( 1 9 1  imp l ies  t h a t  the a p p r o p r i a t e  m i x t u r e  dens i t y  p . modu lus
F , and wave speed  c , a r e

( 1 )  ( 1 ) ~ ( 2)  ( 2 )  -1 ( H  ~ ( 1 )  ‘ ( 2 ) ~~( 2) 2
p n  p -rn p , E n E +n E , c = E/p . (20)

3.5 Phase  Ve loc i ty  Spec t ra

It is e v i d e n t  tha t  the  f o r e g o i n g  t h e o r y  r e p r e s e n t s a long  wa ve-
length , low frequency approximation of composite wave motion. A

na tu r a l  q u e s t i o n  c o n c e r n s  the rang e of va l id i ty  of t h i s  approximat ion .  A
conve nient  i nd i ca t i on  of the  c o m p a r a t iv e  a c c u r a c y  of an approx imate
the o r y can be o b t a i n e d  b y stud y ing t h e p hase v e l o c i t y  spec t rum.
A ssu min g s teady-s ta te  s inusoda l  wave t r a i n s , e q u a t i o n s  ( 1 6 ) ,  (17)  or (18)
beco me a set of homogeneous  al g e b r a i c  equa t ion s  f r o m  which  the r elation
be tween wa ve number  k and phase  v e l o c i t y  c~ is calculated. A typ ical
co m p a r i s o n  of exact , f i r s t  o r d e r , and r n-j d i f i e d  ( f i r s t  o r d e r )  m i xt u r e  phase
v e l o c i t y s p e c t r a  is s h o wn  in Fi .~. 2 f o r  a Pol ymeth y l m e t h a c r y la te
(P M M A )  - 3G4 sta in less  s t eel  co~~ pos~ te .  The data  s h o w n  r e p r e s e n t s
t.he f i r s t  mode of pr pa g~~t i o n  d o wn  te th e  cutoff frequency associated
w it h  the f i r s t  ‘ s top  b a n - i  . The  exac t  s p e c t r u m  r e s u l t s  f r o m  r e t a i n i ng
a~l t e r m s  in the ope r a t o r s  of ( 1 6 )  and is i den t i ca l  to t ha t  g iven by
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R~~~ov ~2 2 ] .  C o mp a r i s on s  such  as Fi g. 2 i nd ica t e  tha t  r e a sonab l e
a c c u r a cy  m ay  be e x p e c t e d  f r om  a t h e o ry  of o r der  I down to w a v e l e ng th s
ec~ua l  to se ;e ra l  m i c r od ~m e ns  ions fo r  p r o b l e m s  whe re the e n er g y  is
p a r t i t i o n e d  p r i r r l a r i l y in  the  first mode. This is qu i t e  a rema rkable
r e s u l t  f o r  s~.ch an  e l e m ent a r y  t h e or y .  A d d it i o n a l  d e t a i l s  c o n c e r n in g  thechase  v e l o c i t y s p e c t r u m  as well as t r a n s i e n t  pu l se  ca l c u l at i o n s  and anassoc ia te d d i s c u s s i o n  conce rn in g  i n i t ia l  and b o u nd a r y  condit ions.- can bef o u n d  in :4 -9 J .

4. EXAMPL.~~ 2: HE AT CONDUCTION

For the p u r p o s e  of i l l u s t ra t i ng  the  Regu la r A sym p t o t i c  Method ,c o n si d e r  a l i n e a r  t h e rm a l  d i f f u s i o n  p r o c e s s  in a p e r i o d i c , t w o-d i m e ns i o n a l
a r r a y of u n i d i r e c ti o n a l  f i b e r s  of a r b i t r a ry  c r o s s  s e c t i o n  embedded  in a
m a t r i x, as i llu s t r a te d  in Fi g. 3a. Let a “ cel l”  be a ss o c i a t e d  with  eachf ib e r  as dep icted in Fi g. 3b. Each  such  cell  c o n s i s t s  of r eg ions A~~

1) andA~
2
~ occup ied by the  f i b e r  and m a t r i x , r e sp e c t i v e l y, wi th  un i t  oute rnorma1s~ x~ ’) and N~

(2 ) . The i n t er f a c e  between the two c o n s t it u ent s
shal l  be denoted  b y I , and the oi~ e r  b oun d a ry  of the  cell  by C. With
r e sp e c t  to re ctangula r C a r te s i a n  c o o r d i n a t e s  x 1, x2, x 3 as shown in

~~~
. ~~, i~~. L L i ~~ coLupo s tie occupy the domain C’ ~ x3 s~ L, - < x~ <- < x1 < . Assum e th at t h e two c o n st i t u e n t s  in each  cell  a r e  homo-

geneous  and i s ot r op ic w i t h  a pe r fec t  i n t e r f a ce  (no t he rma l  r e s i s t a nc e ) .
F inally-, le t  the  i n i t i a l  c on d i t i o n s , and the b ou n d a ry  cond i t ions  on

= 0 , L be s u ch that the  t e mp e r a t u r e  f i e ld  is s im i l a r  in e a c h  cell. In
v i ew  of the  £ as tp r e m i se  i t  is s u f f i c i e nt  to cons ide r a typ ical  cell  with
t e r o  hea t  fl ux no rmal  to the b o un d a ry  C. Consequent l y the  b a s i c  eq u a t i o n s
for the temperature fields ~~~~ and heat f lux vectors = 1, 2 , a r e

(Q - + d t)~~~ 0 , (Q. + kT , )~~ = U on ; (2~~ ,b)J , j  I

(Q~~
2 1

N~~
2
~ = 0 on C: T~

’
~ = ~~~~ and (Q~~l)  

- Q~~~)N ~~~ = 0 on I.

( Z i c ,d)
Equation (2 Ia) is the conservations of energy; the relation (2 Ib) is the
F o u r i e r  hea t  conduc t ion  law ; equat ion  (2 I c )  is a s ymmetry  condi t ion;  and(2 Id) rep resents t.ie interface continuity of tempe r a t u r e  and n or m a l  hea tf u x  (note N

3~~~~ = 0). The s up e r s c r ip t  ~ = 1 , 2 r e fe r s  to the f i b e r  and them a t rix , r e sp e c t i v e l y. The q u a n t i t i e s  d , Ic deno te  h e a t  c a p a c i t y  andth erma l u on d u c t iv i t y ,  r e sp e c t i v e l y. The no ta t ions(  ), a ~ ( )/ ?x~ and
a ~( )/  ~ t ha ve b een  i nt r o d u ce d  f o r  c o n ven i e n c e .

4. 1 Scal~~~g

Eq u a t i o n s  ( 2 1 ) ,  t o g e t h e r  w i t h  i n it i a l  c o n d i t io ns  a t  t 0  and ap p r o p r i -
z- t e  b o u n d ar y  data on x3 = 0, L sp e c i fy  a well  posed  p r o b l e m  in v o l v i n g
t h r e e  s p a t i a l  v a r i ab l e s  x~ and t ime , t . The o b j e ct i v e  of  the  sub s e q u e n ta n a l y s i s  is to d e r i ve  a c n t i n u um  m i x t u re  t h e o ry  g o v e r n i n g  the  m a c r o-
s cop t c  d i f f u s i o n  p r o c e s s  wh i c h  1n~~i o l ;r s  onl y One  sp a t i a l  d i me n s i o n  (x 3 )

a n d  G r ee k  s ub s cr D t s imp l y Ca r t e s i an  t e n so r s  and  the  u s ua l  sum-m a t i on  c o n v e n t i o n  w i t H  r a n g e s  fr om  1 to 3 and  I to 2 N Spec  t i v e l y.
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and  i- ct r e f l e c t s, a t  l e a s t  ap p r o xim a te l y, the  e f f e c t  of c o n d u c t i o n  on the
m icr o scale .  To th i s  end , let  A and ~ be a s soc i a t ed  w i t h  typ ical

m ac  r o s c op i c ” and  ‘ m i c r o s c op ic ’ o b s e r v a t i o n a l  d i m e n s i o n s, r e s p e c t i v e l y.
T h e s e  len g ths  ma y  be de f i ne~ in t e r m s  of c h a r a c t e r i s t i c  t h e rm a l d i f f u s i o n
t :rn c s in the long i t u di na l  and t r a n s v e r s e  d i r e c t i o n s  a c c o r d i ng  to

t d A
2
!’ ,~ t d A

2
/k  - - 

~~
- —- (22)

( A )  (m)  (m) ( A )  (m) (m)

w h e r e  d 1m~, k (m) d e n o t e  mix ture  h e a t  c ap a c i ty  and the rmal  co n d u c t i v i ty
to be de f ined  l a t e r ) .  In a d d i t i o n , it will be c o n v e n i e n t  to i n t r o d u c e  a

m i xt u r e  hea t  f lux 
~~(m) based  upon a r e f e r e n c e  t e mp e r a t ur e  T , and a

p a r a m e t e r ~ as  f o l l o w s :

~~(m) - k (m) T/
~ 

, C a = ( t
(~~) /t (~~~)~ . (23 )

The  q u a n t i t y  r e p r e s e n t s  the ra t io  of m i c r o - t o - m a c r o - d i m e n s i o n s  of the
comro site.

With  the  a i d  of the  f o r eg o i ng  d e f i n i t i o n s , the f o l l o w i n g  non—
d rr e -!s n n a l  v a r i a b l e s  a r~ i n f r  duced

(~~3 . (~~~) - (x
3 . x~~) / _  t / t (~~ ) 

(~~3~ (~~~)
(~~)

(23a)
a , , a k~~~/k  , (23b)

(m) (m)
when-c e (21) become

(~~~•~~~~ + ) (~ ) 
~ • (~~~ , C

2

~~~~~)~~~~ + 
~~~~~~~~~ 

3~~~~~~) = 0 on (24a ,b~

= 0 on ~ 
( 1 )  

= ~2 ) 
~~~~~~~~~~~~~ = 0 on ~ . (24c ,~~

:n :~~~ ~ = I , ~~~~~~ 1~~ , C de note  ~~~~~~~ I , C in non d~me ns i o~~al f o rm ;
:~~e ‘.-e c t or s  a re  u n i t  o u t e r  n o r m a l s  to the  bounda r i e s  of G~~~; p a r t i a l
d-~r i - .a t iv e s  a r e  now d e f i n e d  b y ( ),  a ~( ~~~~~ ( ) a ~ ( ) f ?~

4.2 M ixture E o - i a t i o n s

B i n a r y  m Lx tu r e  e q u a tio n s  f o r  t h i s  p r o b l e m  can be immedia te l y
3 ) t a  ~ne d  by a v e r ag ing  (2 4 a )  ove r d~~~~~ 

a c c o r d i n g  to

a a )  (~ )
~ l~; 3 1~r ) = ~ (t 1 ,E 2 , E 3

,~r)d~~1dE 2 
(25)

( i.)
G

.i~~ere rep reser~ s or d~. T h i s  y ie lds , a fte r a l i t t l e  al g e b r a i c

= ( - l ~~~~
1
p ,

(26a,b)
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( a ) a )  , j op) 
= ~~~~~~~~ , n~~ a 

(e)
/(~

( I ) ( Z )
) . (27)

The  qu a n t i t i e s  ~~~p ) 
~~~~ , r e p r e sen t  p a r t i a l  hea t  f luxes , p a r t i a l

h e a t  c ap a c i t i c  s , and volum e f r a c t i o n s , r e sp e c t i v e l y. The  v a r i a b l e  p is
an interaction term reflecting heat transfe r from the f i b e r  to the ma t r ix .
At  t h i s  stage the mix ture  equat ions (2 6 )  a r e  exact. Approximations a r i s e
when  one at t a mpt s  to model  the F o u r i e r  e xp r e s s io n s  fo r  hea t  conduc t ion ,
and the i n t e r a c t i o n  t e rm .

4.3 A s y m p t o t i c  Ex~ an s i on s

A fundamen ta l  p r e m i s e  is now int roduced :  the r a t i o  of the
c h a r a c t e r i s t i c  t h e r m a l  d i ft u s io n  t ime s in the t r a n s v e r s e  and  long i tudina l
( f i b e r a x i s )  d i r e c t i o n s  in small  compared  to un i ty ,  i .e . ,

C = t (~~) / t
(~~ ) = (~~/~~~2 

<< (28)

E q u a t i o n  (2S)  is ap p r o p r i a t e  for m a ny  composi te s used fo r  t h e r m a l  pro-
t e c t L o n .  The p r e mi s e  ( 2 S )  s u i~g e s ts  the  f o l l o w in g  r e g u l a r  a s y m p t o t i c
e xp an s i on  b r  aL l  dependen t  va r iab le s , deno ted  b y Gi’J 1 :

d~ (~., r;~ ) = ~~ 2n~~ a) 
(~~~~ ,T )  . (29)(2 n) t

n =0

It  (2~~) is s u b s t i t u te d into the gove r~~ing  e q u a ti o n s  (24a , b) and the coef-
f i c i e n t s  of s i m i l a r  C - o r d e r  a r e  equated , one o b t a i n s  a sys tem of equa t ions
f o r  e ach  n = 0 , 1 , 2 . ..  . In what  f o l l o w s , a m ixture  t h e o r y  is developed
b a s e d  on the l o w e s t  o r d e r  sy s t e m.

4.4 I n t e r a c t i o n  T e rm

The l owe s t  o rde r s yst em  c r r e sp a n d in g  to (24a , b) is

-r = 0 , ~ 3 ’ O~ 
= ~ I ~~ 2 

0)~~~ . (30a ,b, c)

E qu a t i o n s  ( 3 0 c )  y ield

(0’ ) (~ )
= 

~ (0) ~~ 3’~~~ 
( 3 1 )

w h e nc e , to l o w e s t  o r d e r  a c c u r a cy ,  e q u a t i o n s  ( 2 5 ) ,  ( 2 7 )  f u r n i s h

p) 
= - 

~~~~~~~~~~~~~~~~~~~~~~~~~ . (32 )

In orde r to comp le te the  m i x t u re  f o r m u l a t i o n, the  f u n c t i o n a l
- 4~ a)d e p e n d e n c e  of the i n t c  ractton te rm P on the av e r ag e d  ternpe  r a t u r e s

mu s t  be d e t ’— r m i n e d .  For  t h i s  p u r p o s e  it is ne c e s s a r y  to c o n s i d e r
and  to s a t i s f y the  c o n t i n u i t y  of  t e m p e r a t u r e  i n c l u d i n g  0(c 2 ) te rms.

T~~~~eg in t h i s  t a s k , one f i n d s  f r o m  ( 3 2 )  and (21 b)  t h a t

= — ( 33 )
~~( 0 )

Ne x’, w it h  use  of  ( 3 3 )  a n d  (30b , c) ,  e q u a t i o n  (30a )  becomes
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(a! ) (a)  (a ),(~ L~ ~~3
.r) . (31)

The func t ions  can be rclat~-d to n, defined by (26b), by i nte g r a t i o n  of
- 3 4 )  ove r d~~~~ >

, use of G a u s s ’ T h e o r em , a n d  the  sy m m e t r y  c o n d i t i o n  ( 2 4 c ) ;
the  r e su l t  i s :

(a’) ( a )
a = ( - I )  p . (35)

nus , one o b t a i n s  the f o l l o w i ng  r e l a t i o n s  f o r

) , ,  (~~l ) ap on C
(a )

(a,~~ = 1 , 2)  . (36 )(2 )  j3 ~

The a p p r o p r L a t e  b o u n d a ry  c o n d i t i on 5  a r e, f r o m  ( 24 c , d) ,

(2)  ( 2 )  ( 1 )  1) ( 2 )  ( 2 )
= 0 on C , ( ‘ ‘ ( 2 ) ,  3 ‘ ( 2 ) ,  ~~~~ = 0

( 2 )  ( 1 )  - ( 1 )  2)  2
- 

~~ 2 )  
= (e( 0 )  

- 
‘(Q)

( / C  on J . (37)

~~q u a i i i n s  ( D O ) ,  ( ‘  -, C o u st i t u i t ’  i i t L t ~~L u ~ u u u n U~~ ~y ~~~~~ p r o blem
in the  

~~l ’ ~~ 
- plane; the s o l u t i o n  is un i que w i t h i n  a f u n c t i o n  ~- ( ~~3. T).Oace

are  kno~~n , one  can w r i t e

(~ ) 2 —~( a )  2 ( a )  4- 

~~0) + 
~ 

~ (0 ) ~~ 3 ’ T )  r~~ ~~I ’~~2~ 
-f 0 (e  ) (38)

w h e r e
( I )  

- 
( I )  

— - 
( 2 )  ( 2 )  - ~~ ) 2)  1) 2e(2 )  P~ 

- 
- ‘ ( 2 )  ‘ ( 0 )  - c ( Q ) ) / E  . (3 9)

U p on  a v e r a g i ng  ( 3 9 ) ,  one o b t a i n s

(aa)  ~~( l )  2 n a )
~~ k~~~~~~~

) = 

~
‘ (0~~~3’~~~ ~ . (40)

~~en c e , the in te r a c t i o n  t c r m  can be wr i t t e n

j I a )  ( Z a )  2 j i a )  ( Z a ) — Ip aL -~~ )/ç , a a (~~ -3~- ) . (4 1a , b)

Eq u a ti o n s  (4 I a ) ,  ( 3 2 ) ,  (2 6 a )  c lose the m i x t u r e  t h e o ry .  The p r i m a ry
r e s u L t  is e x p r e s si o n  (4 I b ) , wh ich  can be used  to d e t e r m i ne  the inte rac t ion
c o e f f i c i e n t , a , for  a r b i t r a r y  f i b e r  ancl ,-’ o r  cell g e o m e t r y  c i a  the  so lut ion
of a t ime in d e D en d e n t  p r o b l e m  d e f i n e d  ove r the un i t  cell.  In t e r m s  of

t h i s  p r o b l e m  t a k e s  the f o r m :

(a) ( D- (a’ ) ( a(n (~ ~~~~
- - ) ,  ( - I )  on C ; (42), ,~3 p

( 2 )  ( 2 )  (U  ( 2 )  ( 1) ( 1 )  (2 )  (21

~~~ 
=0 o~~~~ ;~~ ~~~~~

- 
• (~ ~~~~~~~~ -

~~ ~~~~~‘) ij3 = 0  on j, (4 3)

at p o i n t  ~~~~( I )  
- (44)

In g en e r a l  it is d i f f ~c u l t  t o  o b t a i n  an  a n a l y t i ca l s o l u t i o n  to the
ab o v e  rn i c  r b o u n d a r y  v a l u e  p r o b l e m .  As an a lt e  r n a t i v e , a f i n i t e
e l e m e n t  p r o  :~~d u r e  h a s  he~~n p r o p o s e d  2 I ]  w h i c h  may  be u t i l i z e d  fo r
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a r b i t r a ry  t w o - d i m e n s i on a l cel l  g e o m e t r y .  Th i s  p r o c e d u r e  is based upon
a mo d i f i e d  R e i s s n e r - ty D e  v a r i at i o n a l  p r i n c i p le,  the c o r r e sp o n d i n g
f~~n c t i o n a l  of w h i c h  is d e f i n e d  b y

(a’ i

n= £ : c~~~~~~ - ~~~~~~~~ 
~~~~~~~~ +

(4 5)

- . ( a )  (a)c c n i c h  is d enn e d  in to rms  ot  Z - on C and s--- on .~ . The equa tions  f o r
~~~~~~~~~~ fo l low f r o m  the r e qu i r em e nt  f lb e  s t a t i o n a r y  wi th  r e sp e c t  to
a r b i t r a ry  v a r i a t i o n s  of and ~~* ; h e r e  ~~~

‘- - is a L ag r a n g e  multip lier
w h ic h  p h y s i c a l l y r e p r e s e n ts  the hea t  flux no rmal  to the b o u n d a ry  ,.g.

4.5 N um e r i c a l  R e s u l t s

The f i n i t e  e l e m e n t  p r o c e d u r e  has been used  for  the so lu t ion  of the
t e m p e r a t u r e  m i c r o st r u c t u r e  p r o b l e m  and the i n t e r a c t i o n  coe f f i c i en t  for  a
v a r ie t y  of g e o m e t r i e s  and combina tion  of m a t e r i a l  p r o p e r t i e s .  Details of
such  ca lcu la t ions  can be fo und in E 2 1  . Here  s e v e r a l  r e su l t s  of part icula r
i n t e r e s t  a r e  noted;  p r o p e r t i e s  used a r e  l i s t e d in Table 3.

A f r e q u e n t  f i b r o u s  comp osi te  g e o m e t r y  is a hexagona l  a r r ay  of
c i r c u l a r  cy l i n d r i c a l  f i b e r s .  In p r a c t i c e  it is common to approximate  the
cell  g eo m e t r y  of th is  case b y c o n c e n t r i c  c i r c u l a r  cy l i n d e r s  [Z O J .
N u m e r i c a l  r e s u l t s, based  on the  t h e o ry  p r e s e n t e d  h e r e i n , re la ted  to the
a c c u r a c y  of t h i s  ap p r o x i m a t i o n  a re  shown in Fi g. 4, w h e r e  the in te r -
a c t i o n  c o e f f i c i e n t  has  b een  ca l cu la t ed  as a f u n c t i o n  of f ibe r volume
fraction and t h e r m a l  c o n d u c tiv i t y .  F rom the data , the  conc lus ic ’ n can be
d r a w n  that f-o r a practical r a ng e  of f i b e r  vo lum e f r a c t i o ns ,t h e  c o n c ent r i c
c~- l in d e r  ap pr o x i m a t i o n  can be used w i t h o u t  a n y  s i g n i f i c a n t  loss  of ac-
curacy .

For  c a l c u l a t i o n  of the i n t e r ac t i o n  c o e f f i c i e n t , the c o n c e n t r i c
c i r c u l a r  cv ~ :o d e rs  ap p r o x i m a t i o n  ba sed  on equal  f i b e r  volume f r ac t i o n
c a n  a l so  be -~~~d ;0r  c~~n ? o s Lt e s c on t a i n i n g  squ a r e  £ : b er s  a r r a n g e d  in a
s q u a r e  a r r a. - . This  is b o r n e  out  b y the r e s u l t s  shown  in Fi g. 5.

The f i e l d s  
~~~~~~~~~~~~~~~~~~~~ ~~~) needed  to ca lcu la te  the i n t e r ac t i o n  te rm can

a l s o  be u s e d  f o r  the c a l c u l a t i o n  of the te mp e r a t u r e  d i s t r i b ut i o n  in a unit
ce l l . From ( 3 8 ) - ( 4 0 )  one has

( a ’)  jo -a) ( I a )  ( 2 a )  (a )  (a ’a)
~~ ~~~~~

‘ r)  = .j + ai~~ —~~~
‘ j r~~-~ -a - - - ] . (46)

n the ri ght  si d e  of (4 6 )  t he  onl y qu a n t i t y  dependen t  up on inp lane  coor-
d in a t e s  and 

~ 2 is ~~~~~~ ~ fo l lows , the r e f o r e , tha t  c u r v e s  of equa l
a re  a lso  i s o t h e r m al  l ines  w i t h i n  the f r a m e w o r k  of the mix tu re

t h e o r y .  For  th i s  r e a son , and to i l l u s t r a t e  the type of t e m p e r a t u r e  m i c r o -
s t r u c t u r e  t ha t  can  be o b t a i n e d  f r o m  the  m i x t u r e  t h e o r y ,  con tours  of equal

- 1 a ’) , s u it a o y n o r m a l i z e d , a r e  g i v e n  in Fig. 6 fo r  squa re f i be r s  m a
s i m i l a r a r r ay .

F i n a l l y ,  an i n d i c a t i o n  of th e  a c c u r ac y  of  the  p r o p o s e d  m i x t u r e
m o d e l  a n d  thi ’  c o n s t r u c t i o n  p r o c e d u r e  can  be o b t a i n e d  b y c o m p a r i s o n  of
m i xt u r e -p r e d i c t e d  r e s p o n s e  with  2 D or 3D compute r code c a l c u l a t i o n s .
T n . s  has b e en  a c c o mp l i s h e d  in 20 :  f o r  the case of c o n c e n t r i c  c i r c u l a r
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cy l i n d e r s  w h e r e  two spa t i a l  d i me n s i o n s  and time a r e  invo lved .  
-

C alc~~~a t i o ns  w e r e  conduc ted  to d e t e r m i n e  the evo lu t ion  of the t e mp e r a t u r e
f L e l d  in  a q u esc e n t  h a l f - s p a c e  x

3 
� 0 s u b j e c t  to the b o u n d a ry  cond i t ion

1 , 0 � t � t
T(0 , r , t) = (47)

0, t > t
0

E at h  the m i x t u r e  e q u a t i o n s  and the ful l  2D p rob lem were  solved by f ini te
d i f f e r e n c e  scheme s [20 ; the la t te r was used as the c o r r e l a t i n g  norm for
e s t i m a t i n g  the  a c c u r a c y  of the  m i x t u r e  t h e o ry  so lu t ions .  Fi g. 7 il lus t rates
typ ical a v e r ag e  t e m p e r a t u r e  p r o f i l e s  in the two cons t i tuen t s  afte r a sho r t
t ime fo l lowin g  the t e r m i n a t i o n  of the  t e mp e r a t u r e  pulse .  The a b il i ty  of
the mixture t heo ry  to p r e d i c t  the t e mp e r a tu r e  m i c r o s t r u c t u r e  is
i l l u s t r a t e d  in Fi g. 8; the radia l  d i s t r i b u t i o n  of t e m p e r a t u r e  obta ined f rom
the mixture  t h e o r y  is a L-nost  iden t ica l  to the exact  so lu t ion .

4.6 R e m a r k s

~~~~ - i f i - o n ~ ~— a ’- ” ’- e o~ t h e  ab ove r-n i ’e-ture t h e o r y ,  and of simila r
t h e o r i e s  p r op o s e d  fo r  wave  p r op a g a t i o n  [ 16-  19~~, is tha t  it  conve rt s what
is e s s e n t i a l ly a t h r e e - d i m e n s i onal p r o b l e m  to a p r o b l e m  invo lv ing  a
s i n g le spa t i al  va r i ab le , without  l o s i ng  the  e s sen ti a l  de ta i l s  of local f ield
t h s t r i b u tt o n s .  The r e d u c t i o n  in t he  number  of d e p e n d e n t  v a r i a b l e s  leads ,
of cour se , to a s u b s t a n t i a l  i n c r e a s e  in num e r i c a l  e f f i c i e nc y .

5. S E L E C T E D  APP L I C A T I O N S

Two app l i c a t i o n s  i n v o l v i ng  n o n l i n e a r  wave  p r o p a g a t i o n  a r e  b r i e f l y
r e v i e w e d in th i s  s e c t i o n  in an e f f o r t  to denio : i s tr a te the u t i l i t y of mix ture
t h e o r i e s  w i t h  m i c r o s t r u c t u r e .  The f i r s t  in volve s de l a m i n a t i o n  of
l a m i n a t e d  c o m p o s i t e s .  The second  c o n c e r n s  f i n i t e  amp l i tude  elast ic-

w a v e  o r o n a c a t i  ~n in f i b r o u s  c o mp o s i t e s .

5.1 Wave  P r o p a~~a t i on  and Debon d in iz  in L a m i n a t e d  Compos i t e s

A “ f i r s t  o r d e r ” mixture  t h e o ry  with r n i c r o s t r u c t u re  has been
de veloped in 12 fo r  long i tud ina l  wa ve pr o p ag a t i o n  and debonding  in a
am in a t e d , b i n a r y  c o m p o s i t e  wi th  p e r i o d i c  m i c r o s t r u c t u r e .  The case

c o n s id e red c o n c e r n s  sma l l  i s o t h e r m a l  defo rma t ions , l i n e a r  e l a s t i c  con-
s t i t u e n t s , and a M o hr - C ou lo m b  i n t e r f ac e  f a i l u r e  ari d s l i p model . In view
of the  last  ite m the p r o b l e m  is non l inea r .  With r e sp e c t  to Fi g. I , a
c o n dit i o n  of p lane s t r a i n  was a s s u m e d  in the  x 3 - d i r e c t i o n  and wave
m o t i o n  y i e l d i ng  s ym m e t r i c  v e l o c i ty  v 1 and a n t i - s y m m e t r i c  v e l o c i t y  v

2d i s t r i b u t i o n s  wi th  r e s p e c t  to the  x2 - c o o r di n a t e  w i t h i n  each  l amina .
T h e o r e t i c a l  c o n s t r u c t i o n  was b a s e d  on the  D i f f e r e n t i a l - d i f f e r e n c e  Method .
In d i m e n s i o n a l  f o r m , a nd  w i t h  r e f e r ence  to Fi g. I , the r e l e v a n t  equa t ions
a re
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C 11 1
-p  = ~~~~~~~ , = ~~~~~~~~~~~~ , (48a , b)

,

h a l . ( ‘ a~P = N ( u -u  ‘
) if 

~~~
<l

~~~~ I1 1 Cr

A -B~~~22 )5 g~~(~~( l a ) _~~(2 a )
) j f ~ - (48c)I I c r

Equat ions  (4Sa)  ar e  mixture mome ntum equa tions  while  (48b) r ep r e s e n t
m i x t u r e  c o nst i t ut i ve  r e l a t i o n s.  The q u a n t i ty  P denotes a momentum
in t e r a c t i on  te rm. The v a r i a b le s  ~~11~~ p) , p(o-P ) denote  p a r t i a l  q u a n t i t i e s and
a re  d e f i n e d  b y ( )(o-P) n~0) ( )(o - a)  whe re ( ) ( o-a) is an a ve r a g e d  var iab le
and n~~ h(

~~~(h(U  
+ FR) . The q u a n t i ty  

~c r I  is r e la ted  to the in te r face
s h e a r  s t r e s s  0 2 and no rma l  st r e s s  0~~7 by

(h -rh 
~~~~cr ’ ~~~ 

= A-Ba~ 2 (a
22 

0)

a
22 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ . (49)

1 he c o n s t a n t s  A , B r e p r e s e n t  i nt e r f a c e  c o h e s i o n  and f r i c t i o n a l  c o e f f i c i e n t s,
r e s p e c t i v e ly .  The c o n st an t s  J~ 3) , K a r e  g ive n in t e r ms  of t h e  composi te
p r o p e r t i e s  an d  g e o m e t ry  b y 

2
( 1)  (2 )  , ( 1 )  (2 ) 2 ( 1 )  ( 1 )  ( 2 )  (2)  (o-o-) (o-) ( )  

___/~ h --h ) ( n  ~i +n ~i ) , c ~~n E - 
E

( 1 )  (2 )
E + (2)  E~

o-
~ (> +z~ )~

o-
~ (o-,~~= I , 2; o-~~ ) ,

fl 
(50)

w h e re  ~ , ~ are  Lame ’ cons tan ts .

C o n s i d e r a b l e  ins i g ht into the modeling capabi l i ty  of the above
m i x t u r e  t h e o ry  can be gained  b y compar i son  of t h e o r et i c a l  ca l cu lat ions
with the e x p e r i m e n t a l  impac t  data on delaminated p l a t e s  r e p o r t e d in ~23].
T h e  c o mp o s i t e s  in t h i s  s tud y c o n s i s t e d  of a l t e r n a t i ng  l ay e r s  of Pol y-
m e t h y l m et h a cr y late (PMMA , R o h m  and Haas type A) 0 .762 mm th ick ,
and 6 06 1- 1 4  a luminum 0 .792 mm t h ic k .  The lamina e of the composi te
w e r e  o r ie n t e d  p e r p en d i c ul a r  to the impact p lane , and s t r uc k  b y a
p r oJ e c t i l e  f r o m  a 10cm bore  li g ht  gas gun.  An a luminum buf fe r plate
1.0cm t h ic k  was p l aced  at  the r e a r  of the  compos i t e  to impro ve
plan.arity of the transmit-ted wave front. A transparent Dy n a s i l  100
w i n d o w  fo l lowed  the b u f f e r , and a t h i n  m ir r o r  was vapor  depos i t ed  at  the
b u f f e r w in d o N  i nt e r f a c e .  The m o t i o n  of the m i r r o r  was  m on i t o r e d  to
w i t h i n  1.5 1 0 5 rr-.rn b y means  of a d i sp l acemen t  inte r f e r o m e ter .  The
e x p e rim e n t a l  c o n f i g u r a t ~on r e p r o d u c e d  f r o m  [2 3 ]  is dep ic t ed  in Fi g. 9
~~.oe sh o t  m a t r i x is s u m ma r i z e d  in Table 1.

The m i x t u r e  t h e o ry ,  c o n s i s t i ng  of (48)  was coded in f i n i t e  d i f -
fe r e -n c e  f o r m  ar id  s ok e d  n u m n e r i c a f ly .  ~ 1at i ’r i a1  p r o p e r t i e s  f o r  the
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composi te  la mi n a t e s , fl y e r  p late m a t e r i a l, buf fe r and window mate r ials
a r e  l i s ted  in Table  I . Input to the compute r code r e q u i r e d  onl y the
m a t e r i a l  p r o p e r t i e s  of a l l  c o n s t i t u e n t s , g o e m e t r i es  of the t est  confi gura-
t ion , and fl y e r  imp a c t  v e l o c i t y .  N u m e r i c a l  value s fo r  A and B were
d e t e r m i n e d  b y a p a r a m e t r i c  stud y on the resu l t s  of exper imental shot
number  2. T h e y  we re foun d to be A = 0.01 x 10 9 dynes / cm 2 and B = 0.50.
All othe r co r r e l a t i ons  were p e r f o r m e d  using these values.. T yp ical
r e s u l t s  a r e  dep ic ted  in Fi gs. 10-12.  As can be seen , ag r e em e n t  is
gene rall y exce l len t .  Both t heo re t i c a l  and expe r ime nta l results  clearl y
e x h i b i t  the  e f f e c t s  of bond b r e a ka g e  and delaminat ion.  This  is man ifes te d
b y the a p p e a r a n c e  of a p r e c u r s o r  at  the  f ron t  of the wave pr o f i l e  and b y
g r e a tl y r educed  osc i l l a t ions  b e h i n d  the wave  f r o nt  when compared with
both t h e o r e t i c a l  and e xp e ri m e n t a l  r e su l t s  fo r  p e r f e c t l y bonded wave -
guides  ( e .g . , see [ 1 2]) .  -

5.2 Non l inea r  Wave P ropaga tion  in F ib rous  Composi tes

A binary, f i r s t - o r d e r mixture  theo ry  with m ic r o s t r u c t u r e  has
been de veloped in [ 1 7 1 , using the  R e g u l a r  Asympto t i c  Method  and the
c o n c e n t r i c  cy l i n d e r s  ap pr o x im a t i o n , fo r  n o n l i n e a r  wa veguide- type
p r ooa g a ct on  parai iei  to tne f i b e r s  ot a un idL re c t i o n a ii y r e i n f o r c e d  f ibrous
compos i te  with i n i t i a l  p e r i o d i c  h e x a g o n a l  a r r a y ,  Fi g. 13. Th e r e s u l t i ng
model inco rp o r a t e s  the e f f e c t s  of the rmod ynamics , f i n i t e  de fo rma t ion,
and e l a s t i c -p l a s t i c  c o n s t i t u e n t s .  The c o n s t i t u t iv e  r e l a t i ons  fo r  t h i s
anal y s i s  c o n s i s t  of a M i e - G rt i n ei sen  equa t i o n  of s ta te  w h i c h  re la te s mean
p r e s s u r e, d e n s i t y ,  and inte r nal e n e rg y ,  and a von M i s e s - typ e  y ield

-~ cir t e  n a  and a s s o c i a t ed (J 2) f low rule  which  govern  the s t r e s s  de r i va to rs .
U n d e r  the  a s s u mp t i o n  of an a d i a b a t i c  p r o c e s s  and i so t rop ic , homogeneous
c o n s t i t u e n t s , the fo l l owing  m i x t u r e  t h e o ry  was ob ta ined  f o r  compos i t e s
w ith p e r f e c t  bonds

(a) C o nt i n u i t y:

~oL ~~ a)  ~n i a )  (y a )  (aa ) , . (~ a )~ - (n a )
L —o , - - ( p  

~
‘ 3 

) ,~ -r p j ip  . ( o l )

(b) Momentum:

(o -~ 
( o-a) (a) ( n a )  (n a)  (na ) o-+ 1[n — p-r S

33
) ] ,  

3
— n p ID v 3 

( — l )  P , ( S l a)
w h e r e

r (o-a) (o-)
~ , ~~P + ( — l )  ( — p + S ,, ) n ,

ri
(O 

B~n~~i o - a J I
— I (o - )

Cr~~
1 f l

(La) (Za)8(v -v
- ~~~~~~~~~~~~~~~~~ . ( S i b )

r 2

D~~~~( ) 2 1o-a)( ) , D~~~ ( ) 
. (o-a) ) ( S i c )
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I , B~
2
~ - (2/ n~

2
~~ ) ( ~ - 2n (1)

+~ ~Y~~+ i~ n~
1
~ ) . ( 5 1 d )

(c) Eae r~~v:

- ~P+S 3
a) V~~~

)
] = 1 ~~~~ R , 

- 
(52a)

R = ( • 5 ) ( l a ) ( l )
f ( l a )  (52b)

(d) C a l o r i c  ecj uation of state (Mie-Gri ine iser i );

(na) (na) , (na ) (na) (na)p = g ( p  )-r r(p )p e . ( 5 3 )

(e)  S t ress  d e r i v a t o r  c o n s t i t u tiv e  r e l a t i o n s :

(na) (na) 4 (na) 1 (na) ( I a )  ( I a )  I ( I a )£ S33 
= -~(v

3 ~ 
- -i-f S~~ = S

r r  
= -~~~S33 

(54a)

(2a)~ (2a) - ~~~~~~~~~~~~~~~~~ + —~~\ ln —4-~-~) 1 , (54b)

— (5
(2 a )

5
(2 a) 

( 5 4 c )r r  33

w h er e
(aa) (na) I ~( � ‘ (n a)  (n a )

A = 0 if J
2 <~~~~ ~ or D

~ 
J2 < 0 ,

= 
3 

5
(~ ( na )

5
(aa)

1
( n a)~ 

~f D~~~~~J;~
°’ o

2
Oa~ _____and = 

3 . (~~4d ;

(1) I n t e r f ace  s t ress  match:

(-p+S )( l a ) (X , t )  = (-p+S )( 2 a) ( , t )  . ( 55 )r r  3 r r  3

( g) Volume f r a c t i o n s :

( I a )  ( 1 )  ( 1)  ( I a )  ( 1 )  (2)ID ri = ri f , ri -s-ri 1 . (56)

(h)  De f i n i t i o n  of a v e r a g e s :

( I )

)
( l a ) 

~
r
~

h

h)
2 

2~~r (  )W d , (57a)
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( 2 )

)
(2a) 

2 2 2 i rr (  )~
2
~dr  . (57b)

(2)  ( 1 )  ( 1 )
i r (r  — r  ) r

- (~‘}— (o~a)
The dependent  va r i ab l e s  above number  14. These  are n , p

~~~~~~ p(aa) , sç~a) and e( aa ) ( a= I , 2).  The f o r ego i ng  r e pr e s e n t  volume
Iract ion ,dens i t y, ve loc i ty  compone nt in the x3-d i rec tion , s t ress  deviato r
comp one nt in the x 3-di rect ion , and internal  ene rgy ,  respec t ive ly.
Equat ions  ( S I ) - ( 5 6 )  cons t i tu te  14 independen t  relat ions for  the abo ve
unknowns. The independent  var iables , which  were o r ig inall y r , O, x3, t
(see Fig. 13), are now x3, t onl y. All equations are writte n in an
Eulerian description. It should be noted that  a 1 r e f e r s  to the fiber
while a=2 denote s the matrix.

In an e f f o r t  to tes t  the val idi ty  of the f i r s t - o r d er mixture theory ,a
compar i son  was made between calculations pe r fo rmed  us ing  the quasi-
one-dim ensional mixture  equations , and a formal two-dimens ional
solution 01 tIle concentric cylinders problem. ‘ihe mixture solutions were
obtained by wr i t i ng  (50 -56 )  in f in i t e  d i f f e r e n c e  fo rm and solv ing
simultaneously for the 14 dependent variables. The necessary numerical
anal y s i s  and the r e su l t ing  code is d e s c r i b e d  in [24] .  The two-
d imens iona l  so lut ions  were  g e n e r a t e d using  a we l l -known  Lagran g ian
finite d i f f e r e n c e  compute r code called CRAM [25] .  A typ ical ce ll of a
qu a rt z - p henolie  composite occupying the ha l f - space  x3 < 0  was selected
for  s tud y. Fc-r computat ion in the range 0 � p ~ 30 K bar  a Mie-
Grtineiseri relation of the form

(aa) 3 (a) (n i ) (ni ) (n a )  (n a)  (a) (aa) (a)p = ~ H ~ +G p e P /P~1~- I ; (58)

was u sed , wh e r e  d en o t e s  the  i n i t i a l  d e n s i t y  of m a t e r i a l  a , andd a)  are mate rial constants. The constituent material properties
emp loyed in all calculat ions are  g iven in Table 2. Quiescent  initial
conditions were assumed. Boundary conditions consisted of a particle
veloc i ty  of 0.5cm/ia sec of i.0-~i sec duration applied uniformly to both
cons t i t ue nt s a t x 3 = 0.

A compar i son  of mix ture  theory  and two-dimensional f ini te  dif-
f e r ence  code p r e d i c t i o n s  of a v e r ag e d  co n s t i t u e n t  p a r t i c l e  ve loc i ty  as a
funct ion  of time is i l l u s t r a ted  in Fi gs. 14 , 15. The two-dimensional  code
p r e d i c t i o n , w h ic h  r e s o l v e s the pa r t ic l e  v e l o c i t y  d i s t r i b u t i o n s  in the
rad ia l d i r e c t i o n , where  a ve r a g e d  accord ing  to (57) in orde r to provide
direct compari sons with the mixture theory. Results are shown for a
p r o p a g a t i o n  (x 3 - d i r e c t i on )  d i s t a n c e  of 0.5cm. Agreement  between the
f i n i t e  d i f f e r e n c e  and mix tu re  t h e o r y  c a l c ula t i o n s  is jud ged to be excellent .
F ina l l y, it is noted tha t  on the  same compute r (aUNIVA C 1108), the CRAM
calculation required roug hl y 500 time s the computer time needed for the
equ iva len t  m i x t u r e  c a l cu la t i o n .
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Tab 1-e 1. The  ~~-- p er im e nt a l  Conf igu r a t i o n s .  *

P r o j e c t i l e
C o m p o s i t e

E x p e r im en t  t h i ch n ~~ss Veloc i ty  Thickness
No. ( cm)  M at e r i a l  ( cm/I . i sec )  (cm)

I t 0. S ?0  A l u m i n u m  0 . 0 0 13 5 5  1.634

2 0 . 7 76  Aluminum 0.001420 1.631

3 0 . 8 06  Aluminum 0 . 0 0 1 1 4 4  1. 571

4 0 . 8 0 3  P~~~~~A 0 . 0 0 2 1 1 8  0 . 6 9 1

5 0. 505 PN I \ I A  0 . 0 0 3 0 7 8  0 . 6 9 4

Tu n g s t e n  0 .0 0 12 8 9  0. 975
Ca rh i d e

7 O. a h)  A lu m i n u m  0 . 0 0 1 3 3 0  0 . 6 5 6

5 0. 50° A l u m i n u m  0 . 0 0 1 06 6  0. 164

° In a l l  t~:~r : wr i m e n~~ th~ h o f f € - r p l~~t~- w~~s 1 cm th i ch . The bond
th ick  ~- e s s e s  e r e  a ll  l e S S  ti: t n  0 . 0002  cm thick.

E;~~p~-r ~~
- - - :nt I e~.:hih t t ~d t - x c c s s i v e  fl y e r  t i l t  and  D ru mh e l l er  and

i ,u n ~h - r ; a n  c o n - i c l ’ r - H  th e  r l t z ~ use less .
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Table  2

M o t e r i a l  P ro~~e r ti e s  u s e d  in TINC and CRAM Calcula t ions

Mate r i a l  I Mate rial 2

I~~ t ial Dens i~~- p~~~~ ( g/ c c )  1 .85 1 .29

S h e a r  M o d u l u s, ~~~~~ d y ne s /c m 2 ) 1 0 6 .0 ( 10 ~~) 3 0 .3 ( 1 0~~)

Bul k M o d u l u s, ~~~~~ (d y n e s/ c m2 ) 397. 6 ( l 0 ~~) 96 .0  ( 10~~)

FI
)
(d~~1es/cm 2 ) 38.0 ( 1 0 ” ) 0

Ft~~~
)

(d yn es/ cm 2 ) Z 7 5 . 0 ( 1 0~~
1 ) 1 1.3 ( 1 0 ” )

i e - G r ~ht e i s~~n R a t i o , ~~~~~ . 32 .52

Y i e ld  S t r e s s  in S i mp le T e n s i o n

Y~~~~~~~~n s/ cm 2 ) 2 . 7 5 ( l 0 ~~) 1 .3 3 ( l 0 ~~)

~ i i b ~- :- i~ a ’ii :-, , r , ( c n n )  C . O S

O u t e r  Cy l ind- :  r R a - l i u s  r ( c m)  0. 20

£ 2
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T A B L E  3

M A T E R I A L  P R O P E R TI E S  U SED FOR CO~’-~lPUTAT1ONS

T:w rm a l  Con c~u c t i v i t y  R a t io — 50
k

— ( 1 )
Sp e c i f i c  H e at  R a t i o  ( 2 )  

= 0.5

Volume F r a c t i o n s  n 1 
= .2 ( F i b e r ) ,  n

2 
= .8 ( M a t r i x )
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